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Abstract The Lambda-renormalized Einstein-Schrédinger theory is a mod-
ification of the original Einstein-Schrodinger theory in which a cosmological
constant term is added to the Lagrangian, and it has been shown to closely
approximate Einstein-Maxwell theory. Here we generalize this theory to non-
Abelian fields by letting the fields be composed of d x d Hermitian matri-
ces. The resulting theory incorporates the U(1) and SU(d) gauge terms of
Einstein-Maxwell-Yang-Mills theory, and is invariant under U(1) and SU(d)
gauge transformations. The special case where symmetric fields are multiples
of the identity matrix closely approximates Einstein-Maxwell-Yang-Mills the-
ory in that the extra terms in the field equations are < 1073 of the usual
terms for worst-case fields accessible to measurement. The theory contains a
symmetric metric and Hermitian vector potential, and is easily coupled to the
additional fields of Weinberg-Salam theory or flipped SU(5) GUT theory. We
also consider the case where symmetric fields have small traceless parts, and
show how this suggests a possible dark matter candidate.

1 Introduction

The Einstein-Schrodinger theory is a generalization of vacuum general relativ-
ity which allows non-symmetric fields. The theory without a cosmological con-
stant was first proposed by Einstein and Straus[1-5]. Schrodinger later showed
that the theory could be derived from a very simple Lagrangian density[6-8] if
a cosmological constant was included. Einstein and Schrodinger suspected that
the theory might include electrodynamics, but no Lorentz force was found|9,
10] when using the Einstein-Infeld-Hoffmann (EIH) method[11,12].
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In a previous paper[13] we presented a simple modification of the Einstein-
Schrédinger theory that contains Einstein-Maxwell theory. The Lorentz force
definitely results from the EIH method, and in fact the ordinary Lorentz force
equation results when sources are included. The field equations match the
ordinary Einstein and Maxwell equations except for extra terms which are
<1076 of the usual terms for worst-case field strengths and rates-of-change
accessible to measurement. An exact electric monopole solution matches the
Reissner-Nordstrém solution except for additional terms which are < 10762
of the usual terms for worst-case radii accessible to measurement. An exact
electromagnetic plane-wave solution is identical to its counterpart in Einstein-
Maxwell theory. The modification of the original Einstein-Schrodinger theory
is the addition of a second cosmological term Ag,,, where g, is the symmet-
ric metric. We assume this term is nearly canceled by Schrodinger’s “bare”
cosmological term AN, where N, is the nonsymmetric fundamental ten-
sor. The total “physical” cosmological constant A = A, + A, can then match
measurements of the accelerating universe. A possible origin of our A, is from
zero-point fluctuations[14-17] and Higgs field vacuum energy, although we just
take A, as given, without regard to its origin. The theory in [13] is related to
one in [18], but it is roughly the electromagnetic dual of that theory, and it
allows coupling to additional fields (sources), and it allows A # 0.

Here we generalize the theory in [13] to non-Abelian fields by letting the
fields be composed of d x d Hermitian matrices[19]. This is done much as it is
done in [20,21] with Bonnor’s theory[22]. The resulting theory incorporates the
U(1) and SU(d) gauge terms of the Einstein-Maxwell-Yang-Mills Lagrangian,
and if we assume that symmetric fields are multiples of the identity matrix, we
get a close approximation to Einstein-Maxwell-Yang-Mills theory. The theory
can be coupled to additional fields using a symmetric metric g,,, and Hermi-
tian vector potential A,,. If we let d=2 and couple the theory to the Standard
Model, the U(1) and SU(2) gauge terms are incorporated together with the
geometry, and the combined theory is invariant under U(1) ® SU(2) ® SU(3).
Likewise, if we let d="5 and couple the theory to flipped SU(5) GUT theory,
the U(1) and SU(5) gauge terms are incorporated together with the geometry,
and the theory is invariant under U(1) ® SU(5). This seems attractive because
flipped SU(5) GUT theory[24,25] avoids the short proton lifetime and other
problems of the original SU(5) GUT theory. Assuming that we use the same
fermion and Higgs field Lagrangian, we will get the same energy-momentum
tensor in the Einstein equations, and the same current in Ampere’s law. In ad-
dition, the equations of motion of fermion and Higgs fields will be unchanged,
and the components of A4, will mix and acquire mass in the usual way.

This paper is organized as follows. In §2 we discuss the Lagrangian density.
In §3 we show that the Lagrangian density is real and invariant under U(1)
and SU(d) gauge transformations. In §4 we consider the special case where
the symmetric fields are multiples of the identity matrix, and we quantify how
closely this theory approximates Einstein-Maxwell-Yang-Mills theory. In §5 we
consider the case where the symmetric fields have small traceless components,
and show how this suggests a possible dark matter candidate.



2 The Lagrangian density
Einstein-Maxwell-Yang-Mills theory can be derived from a Palatini Lagrangian,
LD Gprs Au) = =36=V/=919" Run(I) + (n=2)4;]
+%\/—TJ tr(Fpag™ 9" Fop) + Lo (Gus Avs 0,0+ -+), (1)

containing a metric g,,,, connection )%, and Maxwell-Yang-Mills field tensor
H v

Fu,u = 2A[u,y] +1gc [Aua A,u]/h (2)

Here Ay is a cosmological constant and g, is the coupling constant. The vector
potential A, is composed of dxd Hermitian matrices and can be decomposed
into a real U(1) gauge vector A? and d2—1 real SU(d) gauge vectors A2,

A, =TA%/V2d + 1, A°. (3)
Here I is the identity matrix and the generators 7, are d X d matrices with
[Ta, To] = ifapeTe, T =71, tr(ra) =0, tr(tam) = 062/2, (4)

where the [ are totally antisymmetric structure constants. For example,
with d=2 the 7, are 1/2 of the Pauli matrices, fabc = €ape, and g. =e/sinb,,
where 0,, is the weak mixing angle. The £,, term couples g,, and A, to ad-
ditional fields, as in Weinberg-Salam theory, the Standard Model, or flipped
SU(5) GUT theory. Note that the term /—gtr(F,ag**g*"F,,)/2 in (1) con-
tains U(1) and SU(d) gauge terms. The 1/2 in this term and the 1/v/2d in
(3) conform to the usual conventions of Yang-Mills theory. The symbols ()
and [] around indices indicate symmetrization and antisymmetrization and
[A, B]=AB—BA. Here and throughout this paper we use geometrized units
with ¢ = G = 1. Unlike [13] we use the Heaviside-Lorentz convention where
fields are scaled down by 1/v/4m and coupling constants are scaled up by /4.

The original Einstein-Schrodinger theory allows a nonsymmetric IV, and
17)); in place of the symmetric g, and I’ 3‘7, and excludes the tr(F,,g**g"F,,)
term. Our theory introduces an additional cosmological term gA, as in [13],
and also allows I £, and N, to have dxd matrix components[19],

~ 1 _ R
L5 Npr) = = 75— N[tr(N"™R,,) +d(n—2)A]
1
7ﬁg(n72)Az+£m(g#w¢4ua7/}a¢"')7 (5)

where Ay~ —A, so that the total A matches astronomical measurements|23]
A=Ay+A,~10"%em =2, (6)

and the vector potential is defined to be

A, =17, /[(n —1)in/167d Ay ). (7)



The “physical” metric ¢* and the fields g"#, h**, g and N are defined by

gg = NN'0, gt =/=g(Ig™ —h""), tr(h"") =0, (8)

g:(:lzdet(gw))l/w, N =(+det(N,,))*/?®, + for even d, — for odd d. (9)
Note that (8) defines g"¥ unambiguously because g = [+det(gg”)]"/ =2,
The symmetric metric g”# is used for measuring space-time intervals, covariant
derivatives, and for raising and lowering indices. The £, term is not to include
atr(Fpag®*gF,,) term but may contain source terms with the usual coupling
to A, and g,,,. Tensor indices are assumed to have dimension n=4, but as with
the matrix dimension “d”, we will retain “n” in the equations to show how
easily the theory can be generalized. The non-Abelian Ricci tensor in (5) is
chosen to have special symmetry properties to be discussed later,

~ ~

(0% Aa 1 AO' Aa
Row =Ty~ Lawymt §FVMIEM)+

a(v

o Talh,
re, — 2P (10)

I“(‘;Q)Fl‘,’#—l“" op (n—1)

1
5 | Z2¢"
For Abelian fields the third and fourth terms are the same, and this tensor
reduces to the Abelian version in [13]. This tensor reduces to the ordinary Ricci
tensor for I [Cy‘ 4l =0and I’ 2‘[% 4l =0, as occurs in ordinary general relativity.

The determinants g = det(g,,) and N = det(N,,) are defined as usual
but where N,, and g,, are taken to be nd x nd matrices. The inverse of
N, is defined to be N#kVi=(1/N)ON/ON,;,x where ik are matrix indices,
or N = (1/N)ON/ON,,, using matrix notation. The field N satisfies
the relation N*“k’”‘Nym = 5(‘,‘5;»“7 or NN, = 0k I using matrix notation.
Likewise g, is the inverse of g"” such that gt'g,, = 0%I. Assuming Nor =
TYN,,T* for some coordinate transformation T} =0z /0z*, the transformed
determinant N :det(NM) will contain d times as many 7 factors as it would
if Ny had no matrix components, so N and g are scalar densities of weight
2d. The factors N and g from (9) are used in (5) instead of v~N and /=g to
make the Lagrangian density a scalar density of weight 1 as required.

For our theory the Maxwell-Yang-Mills field tensor f*# is defined by
gf" = iNN"WH A2 )/ 16md. (11)
Then from (8), g"” and f*” are parts of a total field,
(N/g)NH = g i fv\/16md A, /2. (12)

We will see that the field equations require f,, ~2Ay, .| +iv16md A, [A,, A,
to a very high precision. From (2) this agrees with Einstein-Maxwell-Yang-
Mills theory when +/16wdAy=g./h. Using d=2, g.=e/sinb,, and (6) gives

1 9e 2 (67 Je 2 —
A~ A :7(7) - (7) — 1.5 x 10%em 2, 1
YT T6nd\n/) T 2di3 \e b 10%em (13)

where Ip=+/Gh/c3=1.616x10~33cm, a=e? /4nhc=1/137 and sin®§,, = .23.



It is helpful to decompose IA;,fL into a new connection I'?,, and A, from (7),

v
re, =TI, + (00 A, — 62A,) iv/167d Ay, (14)
where %, = I, + (8215, — 6515,/ (n—1). (15)

By contracting (15) on the right and left we see that r vy has the symmetry
inxa:[(ga):FSw (16)

so it has only n3—n independent components whereas r oy has n3. Substituting
the decomposition (14) into (10) using (110) from Appendix A,

Ruu(D) = Rop(I) + 24, i7/167d Ay + 16md A [A,, A,,]
+ ([Aa, T8, = [A, T ]) in/16md A, (17)

Using (17), the Lagrangian density (5) can be rewritten in terms of fﬁu and
A, from (15,7),

£ == s N [N (R 24 v/ 167d A0+ 1670 00[ Ay, A,
(M T2 = A, T30 iv/167dA, ) + d(n—2) 4
1 _
_167 g(n_2)Az +£m(guy7-’407¢a¢"')' (18)

Here R,, = R,,(I), and from (16) our non-Abelian Ricci tensor (10) re-
duces to

R = T8 = T + %fguf;; + %f;;fg“ A (19)
From (14,16), I o, and A, fully parameterize r oy, and can be treated as in-
dependent variables. The fields NN7*#) and NN7# (or g“# and f“*) fully
parameterize IV, and can also be treated as independent variables. It is sim-
pler to calculate the field equations by setting 6£/5fl?u =0, 0L/6A, =0,
SL/S(NNT#))=0 and 6£/6(NN#1) =0 instead of setting 5[1/5?5‘“ =0 and
0L/ON,, =0, so we will follow this method.

3 Invariance properties of the Lagrangian density

Here we show that the Lagrangian density is real (invariant under complex con-
jugation), and is also invariant under U(1) and SU(d) gauge transformations.
The Abelian Lambda-renormalized Einstein-Schrodinger theory comes in two
versions, one where '), and N, are real, and one where they are Hermitian.

The non-Abelian theory also comes in two versions, one where I/, and N,

are real, and one where they have ndxnd Hermitian symmetry, I'j; %, =",



and N, . =Nukvi, where i, k are matrix indices. Using matrix notation these

symmetries become
* T * T * T —Hpv * HvpT
Fa _FS‘V , Fa _Fﬁ‘u , Ny,=N,, NMWI=NWVE (20)
where “T” indicates matrix transpose (not transpose over tensor indices). We
will assume this Hermitian case because it results from A, <0, A, >0 as in
(13). From (20,8,11,7) the physical fields are all composed of d x d Hermitian
matrices,

gyﬂ* gl/uT’ gl/y,_gljl—:u,’ fyu*:fVMT7 f:p_f5p7 Fa* _[&357 A:i:Alif (21)

Hermitian f,,, and A, are just what we need to approximate Einstein-Maxwell-
Yang-Mills theory. And of course g”* and g,,, will be Hermitian if we assume
the special case where they are multiples of the identity matrix. Writing the
symmetries as N, = Nyukvi, 8= 8ukpi = Epukvis and using the result that
the determinant of a Hermitian matrix is real, we see that the ndx nd matrix
determinants are real

N*=N, g'=g g =g (22)

Also, using (20) and the identity M M = (MyM;)T we can deduce a re-
markable property of our non-Abelian Ricci tensor (10), which is that it has
the same ndxnd Hermitian symmetry as [, and Ny,

Ry, =RE,. (23)

From the properties (23,20,22) and the identities tr(M;Ms) = tr(MaMy),
tr(MT)=tr(M) we see that our Lagrangian density (5) or (18) is real.

With an SU(d) gauge transformation we assume a transformation matrix
U that is special (det(U) = 1) and unitary (UTU = I). Taking into account
(3,7,14), we assume that under an SU(d) gauge transformation the fields trans-
form as follows,

Ta A% — Ur, AU + U,u, (24)

Vi 167Td/1

A, - UA U™ 7U U,
- t JTordd,

A% — AY 26

re, — Urs, U™ +280U,, U7, 27
A(Vu)

re,, = UL U™+ (n—1)U, U™, 29

g, —-urgu,
Ny, —=UN, U, g, —Ug, U, f,—-Uf,U",

(25)
(26)
(27)
— UF(WL)UA, (28)
(29)
(30)
(31)
N—U_w _ UN—U,LVUfl, g;u/ N Ugl“/Uil, f,uu N Uf,uuUfl. ( )



Under a U(1) gauge transformation all of the fields are unchanged except

1

A% — AY ” 33
v - v \/M spy ( )
1
A, — Ay + ————=9,., 34
- JI6rdd, ¥ (34)
Fgﬂ — Flofu — 2i[(5ﬁ,(p’u], (35)
F[O;M] d F[aau] — (n—l)l](p,u (36)
Writing the SU(d) gauge transformation (31) as
U 0 0 0 Noo No1 Noz Nos U=t o0 0 0
N — 0O U 0 0 Nig Ni1 Nizs Nis 0o Ul o 0 (37)
ve L0 0 U 0 Noo Na1 Nag Nog 0 0o Ut o
0O 0 0 U N3g N31 N3s Ns3 0 0 0 UL

and using the identity det(M;Msy)=det(M;)det(Ms), we see that the ndx nd
matrix determinants are invariant under an SU(d) gauge transformation,

N—N, g—g g—g (38)

Another remarkable property of our non-Abelian Ricci tensor (10) is that it
transforms like INV,,, under an SU(d) gauge transformation (27), as in (106) of
Appendix A

RVH(Ufﬁ‘TU_l—i—%f;U’T]U_l) = URW(IAﬂgT)U_1 for any matrix U(z7). (39)

The results (38,39) actually apply for any invertible matrix U, and do not
require that det(U)=1 or UTU = 1. Using the special case U = Ie~** in (39)
we see that our non-Abelian Ricci tensor (10) is also invariant under a U(1)
gauge transformation,

~ ~

Ry =2t 6{,p 1) = Rup(Ly;)  for any p(z7). (40)

pT

From (39,31,38,40) and the identity tr(MyMs) = tr(MyM;) we see that our
Lagrangian density (5) or (18) is invariant under both U(1) and SU(d) gauge
transformations, thus satisfying an important requirement to approximate
Einstein-Maxwell-Yang-Mills theory.

One of the motivations for this theory is that the A, =0, £,, =0 version
can be derived from a purely affine Lagrangian density as well as a Palatini
Lagrangian density, the same as with the Abelian theory[6]. The purely affine
Lagrangian density is

£(2) = [£det(N,,.)]/*, (41)
where N, is simply defined to be

Nl/;t == _kuu//lb- (42)
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Considering that N7* = (1/N)ON/ON,,,, we see that setting (5/5/(5?57 =0
gives the same result obtained from (5) with A, =0, £,,=0,

tr[N6R,, /00 = 0. (43)

Since (41) depends only on f;f;, there are no §£/6(NN) =0 field equa-
tions. However, the definition (42) exactly matches the 6£/§(NN ") =0 field
equations obtained from (5) with A, =0, £,, =0.

Note that there are other definitions of N and g which would make the
Lagrangian density (5) real and gauge invariant, for example we could have
defined N = tr(det(N,,)) or N = Det(det(N,,)), where det() is done only
over the tensor indices. However, with these definitions the field N =
(1/N)ON/ON,,, would not be a matrix inverse such that NN, =47 1. Cal-
culations would be very unwieldy in a theory where N =(1/N)ON/ON,,
appeared in the field equations but was not a genuine inverse of NV,,. In addi-
tion, it would be impossible to derive the A, = 0, L,,, =0 version of the theory
from a purely affine Lagrangian density, thus removing a motivation for the
theory. Note that we also cannot use the definition N = det(tr(N,,)) as in
[20] because det(tr(N,,)) and det(tr(?éw)) would not depend on the traceless
part of the fields.

4 The case h¥* =0 with nonsymmetric fields
Let us consider the theory for the special case A*¥ =0, or more precisely for
Iy, = tr(FIj"#)I/d, gt =tr(g"*)I/d. (44)

In this case A, and NN "% are the only independent variables in (18) which
are not just multiples of the identity matrix I. This assumption is both co-
ordinate independent and gauge independent, considering (30,32). We assume
this special case because it gives us Einstein-Maxwell-Yang-Mills theory, and
because it greatly simplifies the theory. With the assumption (44) we also have
Ry, = tr(R,,)1/d, and the term ([A,, f‘;‘#] —[Aw, f/f‘)a]) 1y/16md A, vanishes
in the Lagrangian density (18). It is important to emphasize that any solution
of the restricted theory (44) will also be a solution of the more general theory.

Setting 6L/J. A, =0 and using the definition (11) of f*# gives the ordinary
Maxwell-Yang-Mills equivalent of Ampere’s law,

(8f“7),w — i/ 16md Ay g7, Au] = &57, (45)
where the source current ;57 is defined by

1L
28 0A,

T

J

(46)
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Setting 6L /6T fp =0 using a Lagrange multiplier term tr[Q”f[((jp]] to enforce
the symmetry (16), and using the result tr[(g§f“7), ] = gtr[j7] derived from
(45,3,4) gives the connection equations,

tr[(NN™%7) g+ IJgNN 7 + [ NNT — [5 NN 7]

_ WIOmd ey (an)

1/2
(n_l)Ab/

Setting 6L/6(NN)) = 0 using the identities N = [det(NN#¥)]1/dn=2)
and g = [+det(NN(#))]1/d(n=2) gives our equivalent of the Einstein equations,

]_ ~
7 tr[Ru) + ANy + Azg,,| = 8mtr[S,,], (48)

where S,,, is defined by

oL oL
Sy =2—T =9 T _| 49
" S(NN () 5(ggrv) (49)

Setting 6£/6(NN") = 0 using the identities N = [det(NN#¥)]/d(n=2)
and g=[tdet(NN ")) |1/40=2) gives,

7%[1,#] + 2.,4[”7#] i\/167d A+ 167d Ay [ A, , ,A,A + AbN[,,#] =0. (50)

Note that the antisymmetric field equations (50) lack a source term because
L,, in (18) contains only gg'¥ = NN7**) from (8), and not NN#. The
trace operations in (47,48) occur because we are assuming the special case
(44). The off-diagonal matrix components of 6£/§ffp and 6L£/5(NN(#)) van-
ish because with (44), the Lagrangian density contains no off-diagonal matrix
components of I’ fp and NN7(#) The trace operation sums up the contri-
butions from the diagonal matrix components of I’ Tﬁp and NN7(#) because
(44) means that for a given set of tensor indices, all of the diagonal matrix
components are really the same variable.

To put (45-50) into a form which looks more like the ordinary Einstein-
Maxwell-Yang-Mills field equations we need to do some preliminary calcula-
tions. The definitions (8,11) of g,, and f,, can be inverted to give N, in terms
of g, and f,,. An expansion in powers of Agl is derived in Appendix B,

1 _ _
N(Vll,):gl/y, —8m (2d fo(l/fu)o - m gyutr(fpafap)) Ab1 + <f3>/1b3/2 ce (51)
Nip= foniV16md A2 + (£ 450 (52)
Here (fS)A;3/2 and (f2)/1g1 are terms like f’i,f"'(ufu)p/lgg/2 and f"[yfu]o/lgl.

Because of the assumption (44) and the trace operation in (47), the con-
nection equations (47) are the same as with the Abelian theory[13] but with
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the substitution of tr(f,,]/d and tr[j”]/d instead of f,,, and j¥. Therefore the
solution of the connection equations from [13] can again be abbreviated as

Iy =100+ (F HA" . Iy =t (53)
where I'J, is the Christoffel connection,

1
Fyau - 5 gag(g/m,y + Gov,u — guu,a)- (54)

Substituting (53) using (102) shows that as in [13], the non-Abelian Ricci
tensor (19) can again be abbreviated as

R = IRuu+ (F N+ (FFAT .., R = (4,2, (55)

where R, = R,,(I') is the ordinary Ricci tensor. Here (f'f)A,*, (ff")A,*
and (f”)/lgl/2 refer to terms like tr( f%:a)tr(f%ua) Ay Y, tr(Ftr (f T yse) Ay
and tr(f[,,ma};a)/l;lﬂ.

Combining (51,55,6) with the symmetric field equations (48) and their
contraction gives

Gyp=8ntr(T,,) + 167 (tr(f"(l,fmg) — igwtr(fp"fgp))

n - _ _
FA(5 = 1) ot PV + (PG + (A" (56)
where the Einstein tensor and energy-momentum tensor are

Gop = Ry — %gvu Ry, Top=Svu— %ngg. (57)
Here (f3)4,"% (f/f)A, and (ff")A;" ara terms like ¢r(f2 [ o)Ay >
tr(f7vsa)tr(f*ue) Ay " and tr(f27)tr(fru: 1y5a) Ay - This shows that the Ein-
stein equations (56) match those of Einstein-Maxwell-Yang-Mills theory except
for extra terms which will be very small relative to the leading order terms
because of the large value A, ~10%3c¢m=2 from (13).
Combining (52,55) with the antisymmetric field equations (50) gives

Fou = 2Ap 0+ iV/16md Ay Ay, A + (P4, + (F1 A ... (58)

Here (]“2)/1;1/2 and (f")A;" are terms like f“[,,f#]g/lgl and tr(f[,,ﬂ)a];o‘)/lgl/z.
From (13) we see that the f,, in Ampere’s law (45) matches the Maxwell-
Yang-Mills tensor (2) except for extra terms which will be very small relative
to the leading order terms because of the large value A, ~10%3em =2 from (13).

Let us do a quantitative comparison of the h"* = 0 case to Einstein-
Maxwell-Yang-Mills theory. To do this we will consider the magnitude of
the extra terms in the Einstein equations and the Maxwell-Yang-Mills field
tensor for worst-case field strengths and rates-of-change accessible to mea-
surement, and compare these to the ordinary terms. In particular we will
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evaluate extra terms in the Einstein equations (56) like t7(f?5 %, f.) p)Agl/ 2,
tr(f7 v )tr(fuo) Ayt and tr(f27)tr(fr: 5a) A, - and compare these to the
ordinary Maxwell-Yang-Mills term. Likewise we will evaluate extra terms in
the Maxwell-Yang-Mills field tensor (58) like %, f,104, /> and t7( fiy.a1:%) 43
and compare these to f,,, which appears in Ampere’s law (45).

We assume that the worst-case field strengths and rates of change accessible
to measurement will be purely electromagnetic fields. Also, because we will just
be doing order-of-magnitude calculations, we will neglect mixing in f,, and
we will use the electromagnetic coupling constant. In geometrized units with
the Heaviside-Lorentz convention an elementary charge has e=4.9 x10~34em.
If we assume that charged particles retain f1g~e/4mr? down to the smallest
radii probed by particle physics experiments (10~7cm) we have from (13),

ol A, /2 ~ A, Pefam(10717)2 ~ 10731, (59)
[froa/flol? Ayt ~ 44,1 /(10717)? ~ 10729, (60)
[froasa/flolAy " ~ 64,1 /(10717)? ~ 10729 (61)

The fields at 107!7cm from an elementary charge would be larger than near
any macroscopic charged object. Here f1( is assumed to be in some standard
spherical or cartesian coordinate system. If an equation has a tensor term
which can be neglected in one coordinate system, it can be neglected in any
coordinate system, so it is only necessary to prove it in one coordinate system.
So for electric monopole fields, the extra terms in the Einstein equations (56)
must be <1022 of the ordinary Maxwell-Yang-Mills term. Similarly the extra
terms in the Maxwell-Yang-Mills field tensor (58) must be < 10722 of f,,,.
Also, for the highest energy electromagnetic waves known in nature (102%eV,
1034Hz) we have from (13),

[Froa/ o245t ~ (B/he) A7" ~ 10712, (62)
|Floaa/flol Ayt ~ (B/he)® Ayt ~ 10712, (63)

So for electromagnetic waves, the extra terms in the Einstein equations (56)
must be <1013 of the ordinary Maxwell-Yang-Mills term. Similarly the extra
terms in the Maxwell-Yang-Mills field tensor (58) must be < 1073 of f,,
which appears in Ampere’s law (45).

From this analysis we see that these extra terms in the field equations
(56,58,45) are far below the level that could be detected by experiment for
worst-case field strengths and rates of change accessible to measurement. At
least we have made great efforts to find an experiment in which these extra
terms would be evident, and we have been unable to find such an experiment.
As shown in [13], the ordinary Lorentz force equation can be derived from
the divergence of the Einstein equations for the purely electromagnetic case
of this theory. In [13] we also presented an exact electromagnetic plane-wave
solution which is identical to its counterpart in Einstein-Maxwell theory. And
in [13] we presented an exact electric monopole solution which matches the
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Reissner-Nordstrom solution except for additional terms which are < 10762 of
the usual terms for worst-case radii accessible to measurement.

We wish to emphasize that the £, term in (5) allows coupling to addi-
tional fields via a symmetric metric g,, and Hermitian vector potential A,,,
just as in Einstein-Maxwell-Yang-Mills theory. Our L, can contain the same
fermion and Higgs field terms as in Weinberg-Salam theory or flipped SU(5)
GUT theory. And when we do this we will get the same energy-momentum
tensor (49,57) in the Einstein equations (56), and the same current (46) in
the Maxwell-Yang-Mills equivalent of Ampere’s law (45,58). In addition, the
equations of motion of fermion and Higgs fields will be unchanged, and the
components of A,, will mix and acquire mass in the usual way (the A, mass
terms will get lumped into j7 in (45,46)).

One aspect of this theory which might differ from Einstein-Maxwell-Yang-
Mills theory is discussed in detail at the end of section 5 of [13] for the purely
electromagnetic case, although it is unclear whether it is really a difference or
not. To see what this is we take the curl of (58), in which case the 24y, ,) term

falls out, and from the f,,, and (f”)/lz1 terms we get[13],
Jwial = (—fivna),” ;0 + apparently negligible terms)/24, . . .. (64)

This is similar to the Proca equation with the field 07 = e™#*f},, /4. It
suggests that the theory may allow 87 Proca waves with mass from (64,13)
close to the Planck mass. For d=2 and g.=e/sinf,, we get

s L ge
WProca = 2Abzg% %7 Mproca =hwproca=1.1 XlolsGeV (65)

Using a Newman-Penrose 1/r expansion of the field equations we have shown
that continuous-wave solutions like 67 & €7 sin(kr —wt)/r do not exist in the
theory[19], but it is still possible that wave-packet solutions could exist. If
wave-packet §7 solutions do occur, a calculation in [13] also suggests that they
might have negative energy, although this calculation is really based on the
assumption that 67 =€ sin(kr —wt)/r solutions exist, and some questionable
assumptions about terms being negligible. If wave-packet 8™ solutions do exist,
and if they do have negative energy, there is still a possible interpretation of
the 67 field as a built-in Pauli-Villars field, with a cutoff mass (65) which is
close to Mpignet = 1.22 x10'?GeV commonly assumed for this purpose.

The additional cosmological constant A, in our Lagrangian density (5,18)
could have several contributions. If there was a contribution from zero-point
fluctuations it would be approximately[14-17]

welp ( fermion _ boson )
921 \spin states spin states/’
where w,. is a cutoff frequency and [p = (Planck length). Assuming the Pauli-
Villars ghost idea discussed above, w.=wprocq from (65), A, ~ —A;, from (13),
d=2, g.=e/sinb,,, and the particles of the Standard Model gives

AzO

2 2 2
A wProcalP _ _ i & _ _
o = PP (96— 28) = oo (e) (96 — 28) = .17. (67)

AzO = - (66)
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So by this calculation, zero-point fluctuations would only contribute about
17% of A,. Additional contributions to A, could perhaps come from Higgs
field vacuum energy and additional unknown fields. It is unclear how this
calculation would work out for flipped SU(5) GUT theory. Note that wproca
and A, from (65) depend on the coupling constant g., so their values should
“run” with frequency. The contribution to A, from zero-point fluctuations (67)
would be slightly modified if we used a “bare” g. calculated at wpy.ocq instead
of a low energy value. Also note that the Pauli-Villars ghost idea might not
be necessary or correct, in which case we could make (67) closer to 100% by
assuming a slightly larger w,.

5 The case |h¥*| < 1 with symmetric fields

This theory definitely differs from Einstein-Maxwell-Yang-Mills theory in that
the symmetric fields can be non-Abelian, with traceless components. To in-
vestigate this let us calculate the field equations with the Lagrangian den-
sity (18,19) and the special case A, = 0, N7l = 0, f“[‘j“] = 0. Setting
SL/S(NNT)) = 0 and using N = g = [tdet(NN#)))1/dn=2) gives our
equivalent of the Einstein equations,

1 ~
= (R + Ag,,) =87S,, (68)

d
0L 0L,
h W= 2——= =2— .
where S, SINN G 5 (g (69)

For present purposes we assume S,, =0 and A=0. Setting (5/:/(5115,):() using

1:'[‘5#] =0, N"l =0, A, =0 and (8) gives the connection equations[19],

1_ o7 17 = 1_ TV TP

§ggp Ijs+ gfgugg“” +588
,lVX*PT,l*PTfW =0 70
515088 588" 5. = 0. (70)

= pT 170 - pr
(88").s + 515,88" +

We will only consider the case where the traceless components are small,
similar to linearized gravity,

v o o o o o 72
|h‘ #‘<<15 ‘Hup,‘<<|Fuu|7 Fu;L_IFDM+HVu+O(h ) (71)

Here h¥* is defined in (8) and I'¢, is the Christoffel connection (54) formed

v
from the physical metric g,,, with no traceless components. The connection
equations (70) to O(h) are

1.pT 1 T uT 1 T 1 1. pUT 1 v T
(V=9h"") 5+ 515,V =g W= SHE, N =99""+57/=gh" T 5= 5V =99" H]p
1 T 7 1 T 1 1.TV 1 TV
L5/ = 9l = SHR N =99"" + 5V =gh™ s — 5V =99™ Hy

— LTV =GN + S HG =99 — SV =gh I + LV =gg" HE, = 0. (72)
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Using (v/=¢), 5 = vV/—91F%, and dividing by \/—g gives
0=h"5—Hp,g" — 9" H)s + " Hj,. (73)

Combining the permutations of this gives

0= (hwk;ﬂ —Hygx — Hyop + ng\Hga)
- (Bﬂw;A — Hgxo — Hupr + ngH;\ya)
— (Mg — Hxwp — Hono + 9 HS,) (74)
= 2Hpxw + hung — Pgws — hapw + 9onHGo — 9o HS — 9rsHO,- (75)

Contracting this with ¢7* gives

w 1w a w 1 1w
0= 2H}\w - hw;)\ - nH}\a = H)\w = (2—7’1) wi* (76)
So the O(h) solution of the connection equations (70) is
1,7 7 A 1 1w 1w LW
HOWH - i(haz/;pfkhpa;ufhuu;a) + 2(2—71) (gauhw;u+g#ahw;u7gv,uhw;a)' (77)

Assuming "%, =1I'% +HS +K%, +O(h?) and using a similar method[19] gives

- m vu m m
the O(h?) solution of the connection equations (70),

1 LWV LWLV LWLV
Kﬂ"’ﬁ = m [_gPT(h’uhw),ﬁ + gﬁp(huhw)ﬂ' + g‘rﬁ(hth),p
+ gPT(Bzga_g + Egﬁﬂgo) - Bﬁ;ﬁBPT - }_LPTﬁz;B]
117 T 1o 10(7T 7
+ 1[(h0ﬂ;p = hpoip)hT + B (hopip — Ipoip)

+ (ﬁﬁo;f_ BUT;ﬂ)BZ + Bg(ﬁﬂaw_ BUT;B) + Bﬂ‘r;aig + Egﬁp‘r;o}- (78)

The field equations for h,,, are found by substituting the O(h) solution (77)
into the traceless part of the exact field equations (68) and using (102,76,8)

0=2 [Hg;ua - g(u;u)] (79)
- a 7 «@ 1 LT o«
= ~huies™ + 2haqip),” + mgwhm; : (80)

Contracting this equation gives
ﬁ;u;a = (2—n)ﬁ;;7;°‘. (81)
So we can also write the field equations as
0= —hupa;® + 2haip),® = Gophh... (82)

Now let us assume that we can ignore the difference between covariant
derivative and ordinary derivative. In that case (80,82) match the “gauge in-
dependent” field equations[26] of linearized gravity, but with a non-Abelian
B,,H. In linearized gravity one often assumes the Lorentz gauge

Pua:*=0. (83)
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Here we do not have the same freedom because in the coordinate transforma-
tion " — 2"+, hyy — hyp— &uy— §pu;v the parameter £ cannot be traceless
like h,,,. However, we can still seek solutions which satisfy (83). Analogous

with linearized gravity we have a z-directed plane-wave solution

00 0 0
by, & sin(wt — kz) 8 %I _h}—; 8 , k=uw, (84)
0 0 0

and a static spherically symmetric solution

AM/r 0 0 0

7 0 0 0 0

hyp = o 00 ol r=|x—xp|. (85)
0 0 00

Here h,hy, M are constant traceless Hermitian matrices. Note that (85) vi-

olates |hV#|< 1 near r=0, so a corresponding exact solution may not exist.
To find an effective energy-momentum tensor for h,,, we extract the O(h?)

components[19] from the exact field equations (68) using (102,77,76,78,8),

87T§TP = 7tr[K‘?p;o¢ - Kg(T;p) + ngHga - Hgang] (86)

= tT[—gpr(ﬁfﬁﬁ);a;a/4(n—2) + ng(Bi;ahg);a/%n_Q)
(). 20 =2) = (oo h2).% + (g )02 = (s hE).2 2
+ BTP§GB3;U/2(TL_2) - Bi;pﬁg;r/4(n_2) + Bg;aﬁg;a/2 - BZ;aBUP;a/Q

+h2._he /4] (87)

a;T!osp
So the effective energy-momentum tensor is[19]

A %gmé;;) (88)

= tr[~gpr (NS h)s0:" /8 + Gpr (RSRLL) 0™ /8(n—2) + gpr (RE, B) % /2
— ng}_Lﬁ;U}_Lg;G/S(n72) — ngi_L”";ai_zz;a/él + ngﬁz;ai_z’;;a/ES
— (halpr):® 120 =2) = (hoa;(oh7)):* + (hpohT)ia:® /2 = (hpriahl);* /2
R TR 2n—2) — R B2 JA(n=2) + RS 2 — ooy 2
+ Eg,ﬁg;pm]. (89)

From the field equations (80) we get

0= tr[(_ﬁl’/ﬁaﬂ + 2B?I/;p);a + gPVﬁg;a;a/(n_2))BZ] (90)
= [ R+ B2 R 4 RS+ R e /(=2

— e[~ R A R R A+ RS R B i/ (n=2)]. (91)

vip T piv!'Ta
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Using tr(M; My)=tr(MzM;), the symmetrization and contraction of (91) are

0 = tr{—(hy,h7),* /2 + 3, h") +h(hgy., +ﬁ$;aﬁpr/(n—2)];a

t’f‘[ h h ot ha (p ) ot h(pxl/hﬁy' ot hz;ahm;a/(n_m]v (92)
0 = tr|—(h "h”) 94 2hw BT 1 (R2R9). /2(n—2)]

[ RY RS, + 2R BV o + B ORT [ (n—2)]. (93)

Adding to (89) the expression (92)/2—g,-(93)/8 gives a simpler form of the
effective energy-momentum tensor[19] which is valid when S,,, = 0 in (68),

87Ty = tr[—gpr (M1 16 + gor (A2 B )ia /4 + Gpr (NSRS )05/ 16(n—2)
- (ho'a;(p Z)) (h hg) Oé/4 ( pT; O'hU) OL/2 + ( l(l-r ?);y);a/z
+ 0GB, /A = RS hG [ A(n—2) + K, .0l /2] (94)

Averaging over space or time, covariant derivatives commute and gradients do
not contribute[26], so the averaged effective energy—momentum tensor is

87T<TTP>:<LLT[ ;T 0p/4 h hg;‘r/4(n_2)+ha (p T /2] ( )

This result is the same as for gravitational waves[26] but with a non-Abelian
hyy. From (95,83,4) we see that the solution (84) has positive energy density,

8 <Tpo>= <tr[hd. he.o)> /4 (96)
=< ““[H;om;o"‘ Bé;OE%;OJF B%;OB%;O—F E%;oﬁg;o}/‘l > (97)
= tr[h3 + h3Jw?/4 > 0. (98)

While solutions like (84,85) have not been observed, one must remember
that gravitational waves and black holes have not been observed directly either.
Solutions like (84,85) do not rule out the theory. In fact if there is an exact
solution corresponding to (85), it might be a possible dark matter candidate.

6 Conclusions

The Einstein-Schrédinger theory is modified to include a cosmological con-
stant A, which multiplies the symmetric metric, and by allowing the fields to
be composed of Hermitian matrices. The additional cosmological constant is
assumed to be nearly cancelled by Schrédinger’s “bare” cosmological constant
Ap which multiplies the nonsymmetric fundamental tensor, such that the total
“physical” cosmological constant A = A, + A, matches measurement. If the
symmetric part of the fields is assumed to be a multiple of the identity matrix,
the theory closely approximates Einstein-Maxwell-Yang-Mills theory. The ex-
tra terms in the field equations all contain the large constant Ay ~ 10%3¢m =2
in the denominator, and as a result these terms are < 1073 of the usual
terms for worst-case fields and rates of change accessible to measurement. Like
Einstein-Maxwell-Yang-Mills theory, our theory is invariant under U(1) and
SU(d) gauge transformations, and can be coupled to additional fields using a
symmetric metric and Hermitian vector potential.
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A Some properties of the non-Abelian Ricci tensor

Substituting f‘,jlu =TI, +7g, into (19) gives

~ ~ ~ 1 ~ ~ 1 ~ ~ ~ ~
RVH(F) = ng,a - FS(V,H) + EFguFoqa + 5['00_‘0‘]—’5# - FgaFoc'Kp (99)
= (Fua,u,oz +T3p,a) - (Fg(y’u) + TS(,,,#)) - (Fuoa + Tuo-a)(Fccrxy, +Tc?‘,u,)
1 1
+5(F5},L + Tgp)(Fga + T(?oc) + E(Foqa + Tga)(Fgu + Tgu) (100)

= RVM(F) + Tl?ép‘,a - Tg(,,,#) - FgaTc?/,L - Tgapao"u - TgaTo(?‘u

+%(F" T, 4 YT T + YT + T S, + IS, +T2rs,)  (101)

vptoa vpt oo vt oo catvy catvy catvy

1 1
= RVH(F) + Tuau;a - Tg(u;u) - Tgargu + ETng;La + 5Tgargu' (102)

Substituting the SU(d) gauge transformation fﬁ‘# — ‘f?,‘u = Ul/“\f,‘HU*1 + 26¢ UMU’1

[v
from (27) into R, proves the result (39), and the result (40) for a U(1) gauge transformation

I — g —2il5

P follows for the special case U = Te™ .

I B 017
RonP) =Py T o § Ty Ty T T T 2021 109

=(Urs, U™ + 52U, U™ = 55U, U)o
1777 -1 1717 -1
= SUIGH U ) = 5UIG U )y
1/ _ _ _ =, _
+§(UF§HU Y ogU U — U U UL U
+ivune v (U, U™ +8gU U — 55U, U
2 (ocar) Vi vV, wY,v

—(UTg U™+ 65U,aU ™~ 63U, U (UTS, U™ + 65U ,,U — 855U ,U™Y)

1 Ial -1 —1 i -1 -1
“ D (UF[TTV]U +(n-1)U,U )(UF[pW]U + (n—-1)U,,U ) (104)
1 1 Tl
~ ~ ~ o~ ~ o~ ~ rol low .
=U| ya — F(Z(u),u) + 5F5u12(;a) + §F(ia)rgu —Lalsy — W U

+ULTS U+ UTS, UL +ULUS —ULUSL

av I

l Pa 71_1 o 71_1 o 71_1 o -1
= SUnlia) U™ = SULG ULl = SULIG, U™ = SULG UL

1 o -1 _ 1 o -1
+ §U7#F(ua)U — §U,VF(W1)U

= UL UGt + JUT G U

2 (va) (pa) ™ v
+ UL U~ UL U~ Ul S, U+ UL TS, U™+ (2-0)U U~ UWU
+UIT UL — U,,,FFW]U*1 + (n=1)U, U} (105)

= UR, (DU (106)
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Substituting I/:ﬁu = I;SM + (05 Ay — 83 Ay) i/16md Ay from (14) into Ryp and using
re, F(O‘a) =TI, from (16) with the notation [A, B]= AB— BA gives (17),
AT

+17g R+ LR P, - P TaThu (107)
B * g TonlGay + 510w — Toal5u — =75

F
( St (00 Ay — 82 A, d \/M) — %0
+% +(6ZAU—53AM)i\/M> S
+lig, (fgu + (65 Au— 67 A,) i\/M)

( + (62 A, — 65 An)i m)( + (60 A — 6“Au)i\/m>

Rvu(f) =

+167TdAb(n—1)Ay.AH (108)
= Fx?ua - a(yu) + Fuaupga+ FgaFgM_FlzaaFgu

T2A1,) Z'\/M

5 (67 Ay = 87 A, TS/ 16md Ay

+ 5 150 (07 Ay = 07 Au) i/ 16md Ay
[958 Ag— 62 Ay in/16md Ay

—(85 Ay — 5 A0) TG, in/16md A,

+167dAp(n—1)A, Ay + 167dAp((2—n) AL Ay — AL Ay) (109)
= RVH(F) + Q.A[V u] in/ 16md Ay + 167TdAb[.AV,.Au}
+(Ma, I, — LA, 19, 1) iy/16mdA, (110)

B Approximate solution for N, in terms of g,,, and f,,

Here we invert the definitions (8,11) of g,,,, and fy, to obtain (51,52), the approximation of
Ny, in terms of Eup and fy,. First let us define the notation

frr=prriv/16md A, 2. (111)

We assume that |f”u| <1 for all components of the unitless field f”#, and find a solution
in the form of a power series expansion in f”#.

For the following calculations we will treat the fields as nd x nd matrices but we will
only show the tensor indices explicitly. Lowering an index on the right side of the equation
(N/g)Nvh=ghv 4 frv from (12) we get

(N/g)N Mo =081 — fra. (112)

Using f*, =0, the well known formula det(eM) = exp (tr(M)), and the power series In(1—
x) = —x—x2/2 —23/3... we get[27],

in(det(1—)) = trlin(I-f)) = — r(F70 ) + (%) .. (113)
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Here the notation (f3) refers to terms like tr(f7 o f*o f7). Taking In(det()) on both sides
of (112) using the result (113), the definitions (9), and the identities det(sM )= s"%det(M)
and det(M~1)=1/det(M) gives

In(detl(N /RN al) = In(N/g)/> ) = =S (PP f70) + (%) ooy (114)

In[(N/g)] = — tr(fPefo0) +(F3).... (115)

2d(n—2)
Taking e on both sides of this and using e® = 1 +z + 22/2... gives

(9/8) = 1= gy tr(Fef o) + (). (16)

Using the power series (1—z)" =14 x + 22 + 23 ..., or multiplying by (112) on the right
we can calculate the inverse of (112) to get[27]

@/ NNV =850+ [ i+ Yo f7u+ () (117)
Lowering this on the left gives,
Nuu:(N/g)(guu+fvu+fuofau+(f3)'-~)- (118)

Here (f3) refers to terms like fua f% f7,. Using (44,118,116,111) we get the result (51,52).
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