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Abstract The Lambda-renormalized Einstein-Schrödinger theory is a mod-
ification of the original Einstein-Schrödinger theory in which a cosmological
constant term is added to the Lagrangian, and it has been shown to closely
approximate Einstein-Maxwell theory. Here we generalize this theory to non-
Abelian fields by letting the fields be composed of d × d Hermitian matri-
ces. The resulting theory incorporates the U(1) and SU(d) gauge terms of
Einstein-Maxwell-Yang-Mills theory, and is invariant under U(1) and SU(d)
gauge transformations. The special case where symmetric fields are multiples
of the identity matrix closely approximates Einstein-Maxwell-Yang-Mills the-
ory in that the extra terms in the field equations are < 10−13 of the usual
terms for worst-case fields accessible to measurement. The theory contains a
symmetric metric and Hermitian vector potential, and is easily coupled to the
additional fields of Weinberg-Salam theory or flipped SU(5) GUT theory. We
also consider the case where symmetric fields have small traceless parts, and
show how this suggests a possible dark matter candidate.

1 Introduction

The Einstein-Schrödinger theory is a generalization of vacuum general relativ-
ity which allows non-symmetric fields. The theory without a cosmological con-
stant was first proposed by Einstein and Straus[1–5]. Schrödinger later showed
that the theory could be derived from a very simple Lagrangian density[6–8] if
a cosmological constant was included. Einstein and Schrödinger suspected that
the theory might include electrodynamics, but no Lorentz force was found[9,
10] when using the Einstein-Infeld-Hoffmann (EIH) method[11,12].
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In a previous paper[13] we presented a simple modification of the Einstein-
Schrödinger theory that contains Einstein-Maxwell theory. The Lorentz force
definitely results from the EIH method, and in fact the ordinary Lorentz force
equation results when sources are included. The field equations match the
ordinary Einstein and Maxwell equations except for extra terms which are
< 10−16 of the usual terms for worst-case field strengths and rates-of-change
accessible to measurement. An exact electric monopole solution matches the
Reissner-Nordström solution except for additional terms which are < 10−65

of the usual terms for worst-case radii accessible to measurement. An exact
electromagnetic plane-wave solution is identical to its counterpart in Einstein-
Maxwell theory. The modification of the original Einstein-Schrödinger theory
is the addition of a second cosmological term Λzgµν , where gµν is the symmet-
ric metric. We assume this term is nearly canceled by Schrödinger’s “bare”
cosmological term ΛbNµν , where Nµν is the nonsymmetric fundamental ten-
sor. The total “physical” cosmological constant Λ = Λb + Λz can then match
measurements of the accelerating universe. A possible origin of our Λz is from
zero-point fluctuations[14–17] and Higgs field vacuum energy, although we just
take Λz as given, without regard to its origin. The theory in [13] is related to
one in [18], but it is roughly the electromagnetic dual of that theory, and it
allows coupling to additional fields (sources), and it allows Λ 6= 0.

Here we generalize the theory in [13] to non-Abelian fields by letting the
fields be composed of d× d Hermitian matrices[19]. This is done much as it is
done in [20,21] with Bonnor’s theory[22]. The resulting theory incorporates the
U(1) and SU(d) gauge terms of the Einstein-Maxwell-Yang-Mills Lagrangian,
and if we assume that symmetric fields are multiples of the identity matrix, we
get a close approximation to Einstein-Maxwell-Yang-Mills theory. The theory
can be coupled to additional fields using a symmetric metric gµν and Hermi-
tian vector potential Aµ. If we let d=2 and couple the theory to the Standard
Model, the U(1) and SU(2) gauge terms are incorporated together with the
geometry, and the combined theory is invariant under U(1)⊗ SU(2)⊗ SU(3).
Likewise, if we let d=5 and couple the theory to flipped SU(5) GUT theory,
the U(1) and SU(5) gauge terms are incorporated together with the geometry,
and the theory is invariant under U(1)⊗SU(5). This seems attractive because
flipped SU(5) GUT theory[24,25] avoids the short proton lifetime and other
problems of the original SU(5) GUT theory. Assuming that we use the same
fermion and Higgs field Lagrangian, we will get the same energy-momentum
tensor in the Einstein equations, and the same current in Ampere’s law. In ad-
dition, the equations of motion of fermion and Higgs fields will be unchanged,
and the components of Aµ will mix and acquire mass in the usual way.

This paper is organized as follows. In §2 we discuss the Lagrangian density.
In §3 we show that the Lagrangian density is real and invariant under U(1)
and SU(d) gauge transformations. In §4 we consider the special case where
the symmetric fields are multiples of the identity matrix, and we quantify how
closely this theory approximates Einstein-Maxwell-Yang-Mills theory. In §5 we
consider the case where the symmetric fields have small traceless components,
and show how this suggests a possible dark matter candidate.
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2 The Lagrangian density

Einstein-Maxwell-Yang-Mills theory can be derived from a Palatini Lagrangian,

L(Γλ
ρτ , gρτ ,Aν) = − 1

16π

√−g [ gµνRνµ(Γ ) + (n−2)Λb ]

+1
2
√−g tr(FραgαµgρνFνµ) + Lm(gµν ,Aν , ψ, φ · · ·), (1)

containing a metric gνµ, connection Γα
νµ, and Maxwell-Yang-Mills field tensor

Fνµ =2A[µ,ν] + igc[Aν ,Aµ]/h̄. (2)

Here Λb is a cosmological constant and gc is the coupling constant. The vector
potential Aσ is composed of d×d Hermitian matrices and can be decomposed
into a real U(1) gauge vector A0

σ and d 2−1 real SU(d) gauge vectors Aa
ν ,

Aν = IA0
ν/
√

2d + τaAa
ν . (3)

Here I is the identity matrix and the generators τa are d×d matrices with

[τa, τb] = ifabcτc, τ∗a = τT
a , tr(τa) = 0, tr(τaτb) = δa

b /2, (4)

where the fabc are totally antisymmetric structure constants. For example,
with d=2 the τa are 1/2 of the Pauli matrices, fabc = εabc, and gc = e/sinθw

where θw is the weak mixing angle. The Lm term couples gµν and Aµ to ad-
ditional fields, as in Weinberg-Salam theory, the Standard Model, or flipped
SU(5) GUT theory. Note that the term

√−g tr(FραgαµgρνFνµ)/2 in (1) con-
tains U(1) and SU(d) gauge terms. The 1/2 in this term and the 1/

√
2d in

(3) conform to the usual conventions of Yang-Mills theory. The symbols ( )

and [ ] around indices indicate symmetrization and antisymmetrization and
[A,B] =AB−BA. Here and throughout this paper we use geometrized units
with c = G = 1. Unlike [13] we use the Heaviside-Lorentz convention where
fields are scaled down by 1/

√
4π and coupling constants are scaled up by

√
4π.

The original Einstein-Schrödinger theory allows a nonsymmetric Nµν and
Γ̂λ

ρτ in place of the symmetric gµν and Γλ
ρτ , and excludes the tr(FραgαµgρνFνµ)

term. Our theory introduces an additional cosmological term ḡΛz as in [13],
and also allows Γ̂ ρ

νµ and Nνµ to have d×d matrix components[19],

L(Γ̂α
ρτ , Nρτ ) = − 1

16πd
N̄ [ tr(NaµνR̂νµ) + d(n−2)Λb ]

− 1
16π

ḡ(n−2)Λz + Lm(gµν ,Aν , ψ, φ · · ·), (5)

where Λb≈−Λz so that the total Λ matches astronomical measurements[23]

Λ=Λb+Λz≈10−56cm−2, (6)

and the vector potential is defined to be

Aν = Γ̂σ
[νσ]/[(n−1) i

√
16πdΛb ]. (7)
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The “physical” metric gνµ and the fields gνµ, h̄νµ, ḡ and N̄ are defined by

ḡgνµ = N̄Na(νµ), ḡgνµ =
√−g (Igνµ−h̄νµ), tr(h̄νµ) = 0, (8)

ḡ=(±det(gνµ))1/2d, N̄ =(±det(Nνµ))1/2d, + for even d,− for odd d. (9)

Note that (8) defines gµν unambiguously because ḡ = [±det(ḡgµν)]1/d(n−2).
The symmetric metric gνµ is used for measuring space-time intervals, covariant
derivatives, and for raising and lowering indices. The Lm term is not to include
a tr(FραgαµgρνFνµ) term but may contain source terms with the usual coupling
to Aν and gνµ. Tensor indices are assumed to have dimension n=4, but as with
the matrix dimension “d”, we will retain “n” in the equations to show how
easily the theory can be generalized. The non-Abelian Ricci tensor in (5) is
chosen to have special symmetry properties to be discussed later,

R̂νµ = Γ̂α
νµ,α− Γ̂α

(α(ν),µ)+
1
2
Γ̂σ

νµΓ̂α
(σα)+

1
2
Γ̂α
(σα)Γ̂

σ
νµ− Γ̂σ

ναΓ̂α
σµ−

Γ̂ τ
[τν]Γ̂

ρ
[ρµ]

(n−1)
. (10)

For Abelian fields the third and fourth terms are the same, and this tensor
reduces to the Abelian version in [13]. This tensor reduces to the ordinary Ricci
tensor for Γ̂α

[νµ] =0 and Γ̂α
α[ν,µ] =0, as occurs in ordinary general relativity.

The determinants g = det(gνµ) and N = det(Nνµ) are defined as usual
but where Nνµ and gνµ are taken to be nd × nd matrices. The inverse of
Nνµ is defined to be Naµkνi =(1/N)∂N/∂Nνiµk where i,k are matrix indices,
or Naµν = (1/N)∂N/∂Nνµ using matrix notation. The field Naµν satisfies
the relation NaµkνiNνiσj = δµ

σδk
j , or NaµνNνσ = δµ

σI using matrix notation.
Likewise gνσ is the inverse of gµν such that gµνgνσ = δµ

σI. Assuming Ñατ =
T ν

αNνµTµ
τ for some coordinate transformation T ν

α =∂xν/∂x̃α, the transformed
determinant Ñ =det(Ñατ ) will contain d times as many T ν

α factors as it would
if Nατ had no matrix components, so N and g are scalar densities of weight
2d. The factors N̄ and ḡ from (9) are used in (5) instead of

√−N and
√−g to

make the Lagrangian density a scalar density of weight 1 as required.
For our theory the Maxwell-Yang-Mills field tensor fνµ is defined by

ḡfνµ = iN̄Na[νµ]Λ
1/2
b /

√
16πd. (11)

Then from (8), gµν and fµν are parts of a total field,

(N̄/ḡ)Naνµ = gµν +ifµν
√

16πd Λ
−1/2
b . (12)

We will see that the field equations require fνµ≈2A[µ,ν] + i
√

16πdΛb [Aν ,Aµ]
to a very high precision. From (2) this agrees with Einstein-Maxwell-Yang-
Mills theory when

√
16πdΛb =gc/h̄. Using d=2, gc =e/sinθw and (6) gives

−Λz ≈ Λb =
1

16πd

(gc

h̄

)2

= α

4dl2P

(gc

e

)2

= 1.5× 1063cm−2, (13)

where lP =
√

Gh̄/c3 =1.616×10−33cm, α=e2/4πh̄c=1/137 and sin2 θw = .23.
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It is helpful to decompose Γ̂ ρ
νµ into a new connection Γ̃α

νµ, and Aν from (7),

Γ̂α
νµ = Γ̃α

νµ + (δα
µAν− δα

νAµ) i
√

16πdΛb , (14)

where Γ̃α
νµ = Γ̂α

νµ+ (δα
µ Γ̂σ

[σν] − δα
ν Γ̂σ

[σµ])/(n−1). (15)

By contracting (15) on the right and left we see that Γ̃α
νµ has the symmetry

Γ̃α
να = Γ̂α

(να) = Γ̃α
αν , (16)

so it has only n3−n independent components whereas Γ̂α
νµ has n3. Substituting

the decomposition (14) into (10) using (110) from Appendix A,

Rνµ(Γ̂ ) = Rνµ(Γ̃ ) + 2A[ν,µ] i
√

16πdΛb + 16πdΛb[Aν ,Aµ]

+ ([Aα, Γ̃α
νµ]− [A(ν , Γ̃α

µ)α]) i
√

16πdΛb . (17)

Using (17), the Lagrangian density (5) can be rewritten in terms of Γ̃α
νµ and

Aσ from (15,7),

L =− 1
16πd

N̄
[
tr(Naµν(R̃νµ+ 2A[ν,µ] i

√
16πdΛb+ 16πdΛb[Aν ,Aµ]

+ ([Aα, Γ̃α
νµ]− [A(ν , Γ̃α

µ)α]) i
√

16πdΛb )) + d(n−2)Λb

]

− 1
16π

ḡ(n−2)Λz + Lm(gµν ,Aσ, ψ, φ . . .). (18)

Here R̃νµ = Rνµ(Γ̃ ), and from (16) our non-Abelian Ricci tensor (10) re-
duces to

R̃νµ = Γ̃α
νµ,α − Γ̃α

α(ν,µ) + 1
2
Γ̃ σ

νµΓ̃α
σα + 1

2
Γ̃α

σαΓ̃σ
νµ − Γ̃σ

ναΓ̃α
σµ. (19)

From (14,16), Γ̃α
νµ and Aν fully parameterize Γ̂α

νµ and can be treated as in-
dependent variables. The fields N̄Na(νµ) and N̄Na[νµ] (or gνµ and fνµ) fully
parameterize Nνµ and can also be treated as independent variables. It is sim-
pler to calculate the field equations by setting δL/δΓ̃α

νµ = 0, δL/δAν = 0,
δL/δ(N̄Na(µν))=0 and δL/δ(N̄Na[µν])=0 instead of setting δL/δΓ̂α

νµ =0 and
δL/δNνµ =0, so we will follow this method.

3 Invariance properties of the Lagrangian density

Here we show that the Lagrangian density is real (invariant under complex con-
jugation), and is also invariant under U(1) and SU(d) gauge transformations.
The Abelian Lambda-renormalized Einstein-Schrödinger theory comes in two
versions, one where Γ̂ ρ

νµ and Nνµ are real, and one where they are Hermitian.
The non-Abelian theory also comes in two versions, one where Γ̂ ρ

νµ and Nνµ

are real, and one where they have nd×nd Hermitian symmetry, Γ̂α ∗
νiµk = Γ̂α

µkνi
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and N∗
νiµk =Nµkνi, where i, k are matrix indices. Using matrix notation these

symmetries become

Γ̂α ∗
νµ = Γ̂α T

µν , Γ̃α ∗
νµ = Γ̃α T

µν , N∗
νµ =NT

µν , Naµν ∗=Naνµ T , (20)

where “T” indicates matrix transpose (not transpose over tensor indices). We
will assume this Hermitian case because it results from Λz < 0, Λb > 0 as in
(13). From (20,8,11,7) the physical fields are all composed of d×d Hermitian
matrices,

gνµ ∗=gνµ T, g∗νµ =gT
νµ, fνµ ∗=fνµ T, f∗νµ =fT

νµ, Γ̂α ∗
(νµ) = Γ̂α T

(νµ), A∗ν =AT
ν . (21)

Hermitian fνµ andAν are just what we need to approximate Einstein-Maxwell-
Yang-Mills theory. And of course gνµ and gνµ will be Hermitian if we assume
the special case where they are multiples of the identity matrix. Writing the
symmetries as N∗

νiµk =Nµkνi, g∗νiµk =gνkµi =gµkνi, and using the result that
the determinant of a Hermitian matrix is real, we see that the nd× nd matrix
determinants are real

N∗ = N, g∗ = g, g∗ = g. (22)

Also, using (20) and the identity MT
1 MT

2 = (M2M1)T we can deduce a re-
markable property of our non-Abelian Ricci tensor (10), which is that it has
the same nd×nd Hermitian symmetry as Γ̂α

νµ and Nνµ,

R̂∗νµ = R̂T
µν . (23)

From the properties (23,20,22) and the identities tr(M1M2) = tr(M2M1),
tr(MT )= tr(M) we see that our Lagrangian density (5) or (18) is real.

With an SU(d) gauge transformation we assume a transformation matrix
U that is special (det(U) = 1) and unitary (U†U = I). Taking into account
(3,7,14), we assume that under an SU(d) gauge transformation the fields trans-
form as follows,

τaAa
ν → UτaAa

νU−1 + i√
16πdΛb

U,νU−1, (24)

Aν → UAνU−1 + i√
16πdΛb

U,νU−1, (25)

A0
ν → A0

ν , (26)

Γ̂α
νµ → UΓ̂α

νµU−1 + 2δα
[νU,µ]U

−1, (27)

Γ̂α
(νµ) → UΓ̂α

(νµ)U
−1, (28)

Γ̂α
[αµ] → UΓ̂α

[αµ]U
−1 + (n−1)U,µU−1, (29)

Γ̃α
νµ → UΓ̃α

νµU−1, (30)

Nνµ → UNνµU−1, gνµ → UgνµU−1, fνµ → UfνµU−1, (31)

Naµν → UNaµνU−1, gµν → UgµνU−1, fµν → UfµνU−1. (32)
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Under a U(1) gauge transformation all of the fields are unchanged except

A0
ν → A0

ν + 1√
8πΛb

ϕ,ν , (33)

Aν → Aν + I√
16πdΛb

ϕ,ν , (34)

Γ̂α
νµ → Γ̂α

νµ − 2iI δα
[νϕ,µ], (35)

Γ̂α
[αµ] → Γ̂α

[αµ] − (n−1)iI ϕ,µ. (36)

Writing the SU(d) gauge transformation (31) as

N ′
νµ =




U 0 0 0
0 U 0 0
0 0 U 0
0 0 0 U







N00 N01 N02 N03

N10 N11 N12 N13

N20 N21 N22 N23

N30 N31 N32 N33







U−1 0 0 0
0 U−1 0 0
0 0 U−1 0
0 0 0 U−1


 (37)

and using the identity det(M1M2)=det(M1)det(M2), we see that the nd× nd
matrix determinants are invariant under an SU(d) gauge transformation,

N → N, g → g, g → g. (38)

Another remarkable property of our non-Abelian Ricci tensor (10) is that it
transforms like Nνµ under an SU(d) gauge transformation (27), as in (106) of
Appendix A

Rνµ(UΓ̂α
ρτU−1+2δα

[ρU,τ ]U
−1) = URνµ(Γ̂α

ρτ )U−1 for any matrix U(xσ). (39)

The results (38,39) actually apply for any invertible matrix U , and do not
require that det(U)=1 or U†U = I. Using the special case U = Ie−iϕ in (39)
we see that our non-Abelian Ricci tensor (10) is also invariant under a U(1)
gauge transformation,

Rνµ(Γ̂α
ρτ− 2iI δα

[ρϕ,τ ]) = Rνµ(Γ̂α
ρτ ) for any ϕ(xσ). (40)

From (39,31,38,40) and the identity tr(M1M2) = tr(M2M1) we see that our
Lagrangian density (5) or (18) is invariant under both U(1) and SU(d) gauge
transformations, thus satisfying an important requirement to approximate
Einstein-Maxwell-Yang-Mills theory.

One of the motivations for this theory is that the Λz = 0, Lm = 0 version
can be derived from a purely affine Lagrangian density as well as a Palatini
Lagrangian density, the same as with the Abelian theory[6]. The purely affine
Lagrangian density is

L(Γ̂α
ρτ ) = [±det(Nνµ)]1/2d, (41)

where Nνµ is simply defined to be

Nνµ = −R̂νµ/Λb. (42)
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Considering that Naµν = (1/N)∂N/∂Nνµ, we see that setting δL/δΓ̂α
ρτ = 0

gives the same result obtained from (5) with Λz =0, Lm =0,

tr[NaµνδR̂νµ/δΓ̂α
ρτ ] = 0. (43)

Since (41) depends only on Γ̂α
ρτ , there are no δL/δ(N̄Naµν) = 0 field equa-

tions. However, the definition (42) exactly matches the δL/δ(N̄Naµν)=0 field
equations obtained from (5) with Λz =0, Lm =0.

Note that there are other definitions of N and g which would make the
Lagrangian density (5) real and gauge invariant, for example we could have
defined N = tr(det(Nνµ)) or N = Det(det(Nνµ)), where det() is done only
over the tensor indices. However, with these definitions the field Naµν =
(1/N)∂N/∂Nνµ would not be a matrix inverse such that NaσνNνµ =δσ

µI. Cal-
culations would be very unwieldy in a theory where Naµν = (1/N)∂N/∂Nνµ

appeared in the field equations but was not a genuine inverse of Nνµ. In addi-
tion, it would be impossible to derive the Λz = 0, Lm =0 version of the theory
from a purely affine Lagrangian density, thus removing a motivation for the
theory. Note that we also cannot use the definition N = det(tr(Nνµ)) as in
[20] because det(tr(Nνµ)) and det(tr(R̂νµ)) would not depend on the traceless
part of the fields.

4 The case h̄νµ =0 with nonsymmetric fields

Let us consider the theory for the special case h̄µν =0, or more precisely for

Γ̃α
νµ = tr(Γ̃α

νµ)I/d, gνµ = tr(gνµ)I/d. (44)

In this case Aν and N̄Na[νµ] are the only independent variables in (18) which
are not just multiples of the identity matrix I. This assumption is both co-
ordinate independent and gauge independent, considering (30,32). We assume
this special case because it gives us Einstein-Maxwell-Yang-Mills theory, and
because it greatly simplifies the theory. With the assumption (44) we also have
R̃νµ = tr(R̃νµ)I/d, and the term ([Aα, Γ̃α

νµ]− [A(ν , Γ̃α
µ)α]) i

√
16πdΛb vanishes

in the Lagrangian density (18). It is important to emphasize that any solution
of the restricted theory (44) will also be a solution of the more general theory.

Setting δL/δAτ =0 and using the definition (11) of fνµ gives the ordinary
Maxwell-Yang-Mills equivalent of Ampere’s law,

(ḡfωτ ), ω − i
√

16πdΛb ḡ[fωτ,Aω] = ḡjτ , (45)

where the source current jτ is defined by

jτ =
−1
2 ḡ

δLm

δAτ
. (46)
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Setting δL/δΓ̃ β
τρ = 0 using a Lagrange multiplier term tr[ΩρΓ̃α

[αρ]] to enforce
the symmetry (16), and using the result tr[(ḡfωτ ), ω] = ḡtr[jτ ] derived from
(45,3,4) gives the connection equations,

tr[(N̄Naρτ ), β + Γ̃ τ
σβN̄Naρσ + Γ̃ ρ

βσN̄Naστ − Γ̃α
βαN̄Naρτ ]

=
i
√

16πd

(n−1)Λ1/2
b

ḡ tr[j[ρ]δτ ]
β . (47)

Setting δL/δ(N̄Na(µν)) = 0 using the identities N̄ = [±det(N̄Naµν)]1/d(n−2)

and ḡ=[±det(N̄Na(µν))]1/d(n−2) gives our equivalent of the Einstein equations,

1
d

tr[R̃(νµ) + ΛbN(νµ) + Λzgνµ] = 8πtr[Sνµ], (48)

where Sνµ is defined by

Sνµ≡ 2
δLm

δ(N̄N (µν))
= 2

δLm

δ(ḡgµν)
. (49)

Setting δL/δ(N̄Na[µν]) = 0 using the identities N̄ = [±det(N̄Naµν)]1/d(n−2)

and ḡ=[±det(N̄Na(µν))]1/d(n−2) gives,

R̃[νµ]+ 2A[ν,µ] i
√

16πdΛb+ 16πdΛb[Aν ,Aµ] + ΛbN[νµ] = 0. (50)

Note that the antisymmetric field equations (50) lack a source term because
Lm in (18) contains only ḡgµν = N̄Na(νµ) from (8), and not N̄Na[νµ]. The
trace operations in (47,48) occur because we are assuming the special case
(44). The off-diagonal matrix components of δL/δΓ̃ β

τρ and δL/δ(N̄Na(µν)) van-
ish because with (44), the Lagrangian density contains no off-diagonal matrix
components of Γ̃ β

τρ and N̄Na(µν). The trace operation sums up the contri-
butions from the diagonal matrix components of Γ̃ β

τρ and N̄Na(µν) because
(44) means that for a given set of tensor indices, all of the diagonal matrix
components are really the same variable.

To put (45-50) into a form which looks more like the ordinary Einstein-
Maxwell-Yang-Mills field equations we need to do some preliminary calcula-
tions. The definitions (8,11) of gνµ and fνµ can be inverted to give Nνµ in terms
of gνµ and fνµ. An expansion in powers of Λ−1

b is derived in Appendix B,

N(νµ)=gνµ − 8π

(
2d fσ

(νfµ)σ −
1

(n−2)
gνµtr(fρ

σf
σ
ρ)

)
Λ−1

b + (f3)Λ−3/2
b . . . (51)

N[νµ]=fνµi
√

16πd Λ
−1/2
b + (f2)Λ−1

b . . . . (52)

Here (f3)Λ−3/2
b and (f2)Λ−1

b are terms like fρ
σfσ

(µfν)ρΛ
−3/2
b and fσ

[νfµ]σΛ−1
b .

Because of the assumption (44) and the trace operation in (47), the con-
nection equations (47) are the same as with the Abelian theory[13] but with
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the substitution of tr[fνµ]/d and tr[jν ]/d instead of fνµ and jν . Therefore the
solution of the connection equations from [13] can again be abbreviated as

Γ̃α
(νµ) = IΓα

νµ + (f ′f)Λ−1
b . . . Γ̃α

[νµ] = (f ′)Λ−1
b . . . , (53)

where Γα
νµ is the Christoffel connection,

Γα
νµ = 1

2
gασ(gµσ,ν + gσν,µ − gνµ,σ). (54)

Substituting (53) using (102) shows that as in [13], the non-Abelian Ricci
tensor (19) can again be abbreviated as

R̃(νµ) = IRνµ+ (f ′f ′)Λ−1
b + (ff ′′)Λ−1

b . . . , R̃[νµ] = (f ′′)Λ−1/2
b . . . , (55)

where Rνµ = Rνµ(Γ ) is the ordinary Ricci tensor. Here (f ′f ′)Λ−1
b , (ff ′′)Λ−1

b

and (f ′′)Λ−1/2
b refer to terms like tr(fσ

ν;α)tr(fα
µ;σ)Λ−1

b , tr(fα
τ)tr(fτ

(ν; µ);α)Λ−1
b

and tr(f[νµ,α];
α)Λ−1/2

b .
Combining (51,55,6) with the symmetric field equations (48) and their

contraction gives

Gνµ = 8π tr(Tνµ) + 16π

(
tr(fσ

(νfµ)σ)− 1
4

gνµtr(fρσfσρ)
)

+Λ
(n

2
− 1

)
gνµ + (f3)Λ−1/2

b + (f ′f ′)Λ−1
b + (ff ′′)Λ−1

b . . . , (56)

where the Einstein tensor and energy-momentum tensor are

Gνµ = Rνµ − 1
2
gνµ Rα

α, Tνµ = Sνµ− 1
2

gνµSα
α . (57)

Here (f3)Λ−1/2
b , (f ′f ′)Λ−1

b and (ff ′′)Λ−1
b ara terms like tr(fρ

σfσ
(µfν)ρ)Λ

−1/2
b ,

tr(fσ
ν;α)tr(fα

µ;σ)Λ−1
b and tr(fατ )tr(fτ(ν; µ);α)Λ−1

b . This shows that the Ein-
stein equations (56) match those of Einstein-Maxwell-Yang-Mills theory except
for extra terms which will be very small relative to the leading order terms
because of the large value Λb∼1063cm−2 from (13).

Combining (52,55) with the antisymmetric field equations (50) gives

fνµ = 2A[µ,ν]+ i
√

16πdΛb [Aν ,Aµ] + (f2)Λ−1/2
b + (f ′′)Λ−1

b . . . . (58)

Here (f2)Λ−1/2
b and (f ′′)Λ−1

b are terms like fσ
[νfµ]σΛ−1

b and tr(f[νµ,α];
α)Λ−1/2

b .
From (13) we see that the fνµ in Ampere’s law (45) matches the Maxwell-
Yang-Mills tensor (2) except for extra terms which will be very small relative
to the leading order terms because of the large value Λb∼1063cm−2 from (13).

Let us do a quantitative comparison of the h̄νµ = 0 case to Einstein-
Maxwell-Yang-Mills theory. To do this we will consider the magnitude of
the extra terms in the Einstein equations and the Maxwell-Yang-Mills field
tensor for worst-case field strengths and rates-of-change accessible to mea-
surement, and compare these to the ordinary terms. In particular we will
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evaluate extra terms in the Einstein equations (56) like tr(fρ
σfσ

(µfν)ρ)Λ
−1/2
b ,

tr(fσ
ν;α)tr(fα

µ;σ)Λ−1
b and tr(fατ )tr(fτ(ν; µ);α)Λ−1

b and compare these to the
ordinary Maxwell-Yang-Mills term. Likewise we will evaluate extra terms in
the Maxwell-Yang-Mills field tensor (58) like fσ

[νfµ]σΛ
−1/2
b and tr(f[νµ,α];

α)Λ−1
b

and compare these to fµν which appears in Ampere’s law (45).
We assume that the worst-case field strengths and rates of change accessible

to measurement will be purely electromagnetic fields. Also, because we will just
be doing order-of-magnitude calculations, we will neglect mixing in fµν and
we will use the electromagnetic coupling constant. In geometrized units with
the Heaviside-Lorentz convention an elementary charge has e=4.9×10−34cm.
If we assume that charged particles retain f1

0∼e/4πr2 down to the smallest
radii probed by particle physics experiments (10−17cm) we have from (13),

|f1
0|Λ−1/2

b ∼ Λ
−1/2
b e/4π(10−17)2 ∼ 10−31, (59)

|f1
0;1/f1

0|2Λ−1
b ∼ 4Λ−1

b /(10−17)2 ∼ 10−29, (60)
|f1

0;1;1/f1
0|Λ−1

b ∼ 6Λ−1
b /(10−17)2 ∼ 10−29. (61)

The fields at 10−17cm from an elementary charge would be larger than near
any macroscopic charged object. Here f1

0 is assumed to be in some standard
spherical or cartesian coordinate system. If an equation has a tensor term
which can be neglected in one coordinate system, it can be neglected in any
coordinate system, so it is only necessary to prove it in one coordinate system.
So for electric monopole fields, the extra terms in the Einstein equations (56)
must be <10−29 of the ordinary Maxwell-Yang-Mills term. Similarly the extra
terms in the Maxwell-Yang-Mills field tensor (58) must be < 10−29 of fνµ.
Also, for the highest energy electromagnetic waves known in nature (1020eV,
1034Hz) we have from (13),

|f1
0;1/f1

0|2Λ−1
b ∼ (E/h̄c)2Λ−1

b ∼ 10−13, (62)
|f1

0;1;1/f1
0|Λ−1

b ∼ (E/h̄c)2Λ−1
b ∼ 10−13. (63)

So for electromagnetic waves, the extra terms in the Einstein equations (56)
must be <10−13 of the ordinary Maxwell-Yang-Mills term. Similarly the extra
terms in the Maxwell-Yang-Mills field tensor (58) must be < 10−13 of fµν

which appears in Ampere’s law (45).
From this analysis we see that these extra terms in the field equations

(56,58,45) are far below the level that could be detected by experiment for
worst-case field strengths and rates of change accessible to measurement. At
least we have made great efforts to find an experiment in which these extra
terms would be evident, and we have been unable to find such an experiment.
As shown in [13], the ordinary Lorentz force equation can be derived from
the divergence of the Einstein equations for the purely electromagnetic case
of this theory. In [13] we also presented an exact electromagnetic plane-wave
solution which is identical to its counterpart in Einstein-Maxwell theory. And
in [13] we presented an exact electric monopole solution which matches the
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Reissner-Nordström solution except for additional terms which are < 10−65 of
the usual terms for worst-case radii accessible to measurement.

We wish to emphasize that the Lm term in (5) allows coupling to addi-
tional fields via a symmetric metric gµν and Hermitian vector potential Aµ,
just as in Einstein-Maxwell-Yang-Mills theory. Our Lm can contain the same
fermion and Higgs field terms as in Weinberg-Salam theory or flipped SU(5)
GUT theory. And when we do this we will get the same energy-momentum
tensor (49,57) in the Einstein equations (56), and the same current (46) in
the Maxwell-Yang-Mills equivalent of Ampere’s law (45,58). In addition, the
equations of motion of fermion and Higgs fields will be unchanged, and the
components of Aµ will mix and acquire mass in the usual way (the Aµ mass
terms will get lumped into jτ in (45,46)).

One aspect of this theory which might differ from Einstein-Maxwell-Yang-
Mills theory is discussed in detail at the end of section 5 of [13] for the purely
electromagnetic case, although it is unclear whether it is really a difference or
not. To see what this is we take the curl of (58), in which case the 2A[µ,ν] term
falls out, and from the fνµ and (f ′′)Λ−1

b terms we get[13],

f[νµ,α] = (−f[νµ,α];
σ

;σ + apparently negligible terms)/2Λb . . . . (64)

This is similar to the Proca equation with the field θτ = ετνµαf[νµ,α]/4. It
suggests that the theory may allow θτ Proca waves with mass from (64,13)
close to the Planck mass. For d=2 and gc =e/sinθw we get

ωProca =
√

2Λb =
1
lP

gc

e

√
α

2d
, MProca = h̄ωProca =1.1×1018GeV. (65)

Using a Newman-Penrose 1/r expansion of the field equations we have shown
that continuous-wave solutions like θτ ≈ ετsin(kr−ωt)/r do not exist in the
theory[19], but it is still possible that wave-packet solutions could exist. If
wave-packet θτ solutions do occur, a calculation in [13] also suggests that they
might have negative energy, although this calculation is really based on the
assumption that θτ ≈ ετsin(kr−ωt)/r solutions exist, and some questionable
assumptions about terms being negligible. If wave-packet θτ solutions do exist,
and if they do have negative energy, there is still a possible interpretation of
the θτ field as a built-in Pauli-Villars field, with a cutoff mass (65) which is
close to MPlanck = 1.22×1019GeV commonly assumed for this purpose.

The additional cosmological constant Λz in our Lagrangian density (5,18)
could have several contributions. If there was a contribution from zero-point
fluctuations it would be approximately[14–17]

Λz0 = −ω4
c l2P
2π

(
fermion

spin states−
boson

spin states

)
, (66)

where ωc is a cutoff frequency and lP = (Planck length). Assuming the Pauli-
Villars ghost idea discussed above, ωc =ωProca from (65), Λz≈ −Λb from (13),
d=2, gc =e/sinθw, and the particles of the Standard Model gives

Λz0

Λz
=

ω2
Procal2P

π
(96− 28) =

α

2dπ

(gc

e

)2

(96− 28) = .17. (67)
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So by this calculation, zero-point fluctuations would only contribute about
17% of Λz. Additional contributions to Λz could perhaps come from Higgs
field vacuum energy and additional unknown fields. It is unclear how this
calculation would work out for flipped SU(5) GUT theory. Note that ωProca

and Λb from (65) depend on the coupling constant gc, so their values should
“run” with frequency. The contribution to Λz from zero-point fluctuations (67)
would be slightly modified if we used a “bare” gc calculated at ωProca instead
of a low energy value. Also note that the Pauli-Villars ghost idea might not
be necessary or correct, in which case we could make (67) closer to 100% by
assuming a slightly larger ωc.

5 The case |h̄νµ|¿1 with symmetric fields

This theory definitely differs from Einstein-Maxwell-Yang-Mills theory in that
the symmetric fields can be non-Abelian, with traceless components. To in-
vestigate this let us calculate the field equations with the Lagrangian den-
sity (18,19) and the special case Aν = 0, Na[µν] = 0, Γ̃α

[νµ] = 0. Setting
δL/δ(N̄Na(µν)) = 0 and using N̄ = ḡ = [±det(N̄Na(µν))]1/d(n−2) gives our
equivalent of the Einstein equations,

1
d

(R̃(νµ) + Λgνµ) = 8πSνµ (68)

where Sνµ≡ 2
δLm

δ(N̄N (µν))
= 2

δLm

δ(ḡgµν)
. (69)

For present purposes we assume Sνµ =0 and Λ=0. Setting δL/δΓ̃ β
τρ =0 using

Γ̃α
[νµ] =0, Na[µν] =0, Aν =0 and (8) gives the connection equations[19],

(ḡgρτ ), β + 1
2
Γ̃ ρ

βµḡgµτ + 1
2
ḡgρν Γ̃ τ

νβ + 1
2
Γ̃ τ

βµḡgµρ + 1
2
ḡgτν Γ̃ ρ

νβ

− 1
2
Γ̃α

βαḡgρτ − 1
2
ḡgρτ Γ̃α

βα = 0. (70)

We will only consider the case where the traceless components are small,
similar to linearized gravity,

|h̄νµ|¿1, |Hα
νµ|¿|Γα

νµ|, Γ̃α
νµ =IΓα

νµ+Hα
νµ +O(h̄2). (71)

Here h̄νµ is defined in (8) and Γα
νµ is the Christoffel connection (54) formed

from the physical metric gνµ with no traceless components. The connection
equations (70) to O(h̄) are

(
√−g h̄ρτ ), β + 1

2
Γ ρ

βµ

√−g h̄µτ− 1
2
Hρ

βµ

√−g gµτ + 1
2
√−g h̄ρνΓ τ

νβ− 1
2
√−g gρνHτ

νβ

+1
2
Γ τ

βµ

√−g h̄µρ − 1
2
Hτ

βµ

√−g gµρ + 1
2
√−g h̄τνΓ ρ

νβ − 1
2
√−g gτνHρ

νβ

−1
2
Γα

βα

√−g h̄ρτ + 1
2
Hα

βα

√−g gρτ− 1
2
√−g h̄ρτΓα

βα + 1
2
√−g gρτHα

βα = 0. (72)
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Using (
√−g ), β =

√−gΓα
βα and dividing by

√−g gives

0 = h̄ρτ
; β −Hρ

βµgµτ − gρνHτ
νβ + gρτHα

βα. (73)

Combining the permutations of this gives

0 = (h̄ωλ;β −Hωβλ −Hλωβ + gωλHα
βα)

− (h̄βω;λ −Hβλω −Hωβλ + gβωHα
λα)

− (h̄λβ;ω −Hλωβ −Hβλω + gλβHα
ωα) (74)

= 2Hβλω + h̄ωλ;β − h̄βω;λ − h̄λβ;ω + gωλHα
βα − gβωHα

λα − gλβHα
ωα. (75)

Contracting this with gβω gives

0 = 2Hω
λω − h̄ω

ω;λ − nHα
λα ⇒ Hω

λω = 1
(2−n)

h̄ω
ω;λ. (76)

So the O(h̄) solution of the connection equations (70) is

Hανµ = 1
2
(h̄αν;µ+h̄µα;ν−h̄νµ;α) + 1

2(2−n)
(gαν h̄ω

ω;µ+gµαh̄ω
ω;ν−gνµh̄ω

ω;α). (77)

Assuming Γ̃α
νµ =IΓα

νµ+Hα
νµ+Kα

νµ +O(h̄3) and using a similar method[19] gives
the O(h̄2) solution of the connection equations (70),

Kβτρ =
1

4(2−n)
[−gρτ (h̄ω

ν h̄ν
ω),β + gβρ(h̄ω

ν h̄ν
ω),τ + gτβ(h̄ω

ν h̄ν
ω),ρ

+ gρτ (h̄ω
ω;σh̄σ

β + h̄σ
β h̄ω

ω;σ)− h̄ω
ω;βh̄ρτ − h̄ρτ h̄ω

ω;β ]

+ 1
4
[(h̄σβ;ρ − h̄ρσ;β)h̄σ

τ + h̄σ
τ (h̄σβ;ρ − h̄ρσ;β)

+ (h̄βσ;τ− h̄στ ;β)h̄σ
ρ + h̄σ

ρ (h̄βσ;τ− h̄στ ;β) + h̄ρτ ;σh̄σ
β + h̄σ

β h̄ρτ ;σ]. (78)

The field equations for h̄νµ are found by substituting the O(h̄) solution (77)
into the traceless part of the exact field equations (68) and using (102,76,8)

0 = 2 [Hα
νµ;α −Hα

α(ν;µ)] (79)

= −h̄νµ;α;
α + 2h̄α(ν;µ);

α + 1
(n−2)

gνµh̄τ
τ ;α;

α. (80)

Contracting this equation gives

h̄τ
τ ;α;

α = (2−n)h̄τ
α;τ ;

α. (81)

So we can also write the field equations as

0 = −h̄νµ;α;
α + 2h̄α(ν;µ);

α − gνµh̄τ
α;τ

α. (82)

Now let us assume that we can ignore the difference between covariant
derivative and ordinary derivative. In that case (80,82) match the “gauge in-
dependent” field equations[26] of linearized gravity, but with a non-Abelian
h̄νµ. In linearized gravity one often assumes the Lorentz gauge

h̄να;
α =0. (83)
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Here we do not have the same freedom because in the coordinate transforma-
tion xν→xν+ξν , h̄νµ→ h̄νµ− ξν;µ− ξµ;ν the parameter ξν cannot be traceless
like h̄νµ. However, we can still seek solutions which satisfy (83). Analogous
with linearized gravity we have a z-directed plane-wave solution

h̄νµ ≈ sin(ωt− kz)




0 0 0 0
0 h̄+ h̄× 0
0 h̄× −h̄+ 0
0 0 0 0


 , k = ω, (84)

and a static spherically symmetric solution

h̄νµ ≈




4M/r 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 , r = |x− xp|. (85)

Here h̄+, h̄×,M are constant traceless Hermitian matrices. Note that (85) vi-
olates |h̄νµ|¿1 near r=0, so a corresponding exact solution may not exist.

To find an effective energy-momentum tensor for h̄νµ we extract the O(h̄2)
components[19] from the exact field equations (68) using (102,77,76,78,8),

8πS̃τρ = −tr[Kα
τρ;α −Kα

α(τ ;ρ) + Hσ
τρH

α
σα −Hσ

ταHα
σρ] (86)

= tr[−gρτ (h̄ω
ν h̄ν

ω);α;
α/4(n−2) + gρτ (h̄ω

ω;σh̄σ
α);α/2(n−2)

− (h̄ω
ω;αh̄ρτ );α/2(n−2)− (h̄σα;(ρh̄

σ
τ));

α + (h̄ρσh̄σ
τ );α;

α/2− (h̄ρτ ;σh̄σ
α);α/2

+ h̄τρ;
σh̄α

α;σ/2(n−2)− h̄ω
ω;ρh̄

α
α;τ/4(n−2) + h̄σ

τ ;αh̄α
ρ;σ/2− h̄σ

τ ;αh̄σρ;
α/2

+ h̄σ
α;τ h̄α

σ;ρ/4]. (87)

So the effective energy-momentum tensor is[19]

8πT̃τρ = 8π
(
S̃τρ − 1

2
gτρS̃

µ
µ

)
(88)

= tr[−gρτ (h̄ω
ν h̄ν

ω);α;
α/8 + gρτ (h̄ω

ωh̄µ
µ);α;

α/8(n−2) + gρτ (h̄σ
α;µh̄µ

σ);α/2

− gρτ h̄µ
µ;

σh̄α
α;σ/8(n−2)− gρτ h̄σµ

;αh̄α
µ;σ/4 + gρτ h̄σ

µ;αh̄µ
σ;

α/8

− (h̄ω
ω;αh̄ρτ );α/2(n−2)− (h̄σα;(ρh̄

σ
τ));

α + (h̄ρσh̄σ
τ );α;

α/2− (h̄ρτ ;σh̄σ
α);α/2

+ h̄τρ;
σh̄α

α;σ/2(n−2)− h̄ω
ω;ρh̄

α
α;τ/4(n−2) + h̄σ

τ ;αh̄α
ρ;σ/2− h̄σ

τ ;αh̄σρ;
α/2

+ h̄σ
α;τ h̄α

σ;ρ/4]. (89)

From the field equations (80) we get

0 = tr[(−h̄νρ;
α

;α + 2h̄α
(ν;ρ);α + gρν h̄ω

ω;α;
α/(n−2))h̄ν

τ ] (90)

= tr[−h̄νρ;
αh̄ν

τ + h̄α
ν;ρh̄

ν
τ + h̄α

ρ;ν h̄ν
τ + h̄ω

ω;
αh̄ρτ/(n−2)];α

− tr[−h̄νρ;
αh̄ν

τ ;α + h̄α
ν;ρh̄

ν
τ ;α + h̄α

ρ;ν h̄ν
τ ;α + h̄ω

ω;
αh̄ρτ ;α/(n−2)]. (91)
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Using tr(M1M2)= tr(M2M1), the symmetrization and contraction of (91) are

0 = tr[−(h̄νρh̄
ν
τ );α/2 + h̄α

ν;(ρh̄
ν
τ) + h̄ν

(τ h̄α
ρ);ν + h̄ω

ω;
αh̄ρτ/(n−2)];α

− tr[−h̄νρ;
αh̄ν

τ ;α + h̄α
ν;(ρh̄

ν
τ);α + h̄α

ρ;ν h̄ν
τ ;α + h̄ω

ω;
αh̄ρτ ;α/(n−2)], (92)

0 = tr[−(h̄σ
ν h̄ν

σ);α/2 + 2h̄α
ν;σh̄νσ + (h̄ω

ωh̄σ
σ);α/2(n−2)];α

− tr[−h̄ν
σ;

αh̄σ
ν;α + 2h̄α

ν;σh̄νσ
;α + h̄ω

ω;
αh̄σ

σ;α/(n−2)]. (93)

Adding to (89) the expression (92)/2−gρτ (93)/8 gives a simpler form of the
effective energy-momentum tensor[19] which is valid when Sνµ = 0 in (68),

8πT̃τρ = tr[−gρτ (h̄ω
ν h̄ν

ω);α;
α/16 + gρτ (h̄α

ν;σh̄νσ);α/4 + gρτ (h̄ω
ωh̄σ

σ);α;
α/16(n−2)

− (h̄σα;(ρh̄
σ
τ));

α + (h̄ρσh̄σ
τ );α;

α/4− (h̄ρτ ;σh̄σ
α);α/2 + (h̄ν

(τ h̄α
ρ);ν);α/2

+ h̄σ
α;τ h̄α

σ;ρ/4− h̄ω
ω;ρh̄

α
α;τ/4(n−2) + h̄α

ν;(ρ|;αh̄ν
|τ)/2]. (94)

Averaging over space or time, covariant derivatives commute and gradients do
not contribute[26], so the averaged effective energy-momentum tensor is

8π<T̃τρ>= < tr[ h̄σ
α;τ h̄α

σ;ρ/4− h̄ω
ω;ρh̄

α
α;τ/4(n−2) + h̄α

ν;α;(ρh̄
ν
τ)/2] > . (95)

This result is the same as for gravitational waves[26] but with a non-Abelian
h̄νµ. From (95,83,4) we see that the solution (84) has positive energy density,

8π<T̃00>= <tr[h̄σ
α;0h̄

α
σ;0]>/4 (96)

= < tr[h̄1
1;0h̄

1
1;0+ h̄1

2;0h̄
2
1;0+ h̄2

1;0h̄
1
2;0+ h̄2

2;0h̄
2
2;0]/4 > (97)

= tr[h̄2
+ + h̄2

×]ω2/4 > 0. (98)

While solutions like (84,85) have not been observed, one must remember
that gravitational waves and black holes have not been observed directly either.
Solutions like (84,85) do not rule out the theory. In fact if there is an exact
solution corresponding to (85), it might be a possible dark matter candidate.

6 Conclusions

The Einstein-Schrödinger theory is modified to include a cosmological con-
stant Λz which multiplies the symmetric metric, and by allowing the fields to
be composed of Hermitian matrices. The additional cosmological constant is
assumed to be nearly cancelled by Schrödinger’s “bare” cosmological constant
Λb which multiplies the nonsymmetric fundamental tensor, such that the total
“physical” cosmological constant Λ = Λb +Λz matches measurement. If the
symmetric part of the fields is assumed to be a multiple of the identity matrix,
the theory closely approximates Einstein-Maxwell-Yang-Mills theory. The ex-
tra terms in the field equations all contain the large constant Λb∼ 1063cm−2

in the denominator, and as a result these terms are < 10−13 of the usual
terms for worst-case fields and rates of change accessible to measurement. Like
Einstein-Maxwell-Yang-Mills theory, our theory is invariant under U(1) and
SU(d) gauge transformations, and can be coupled to additional fields using a
symmetric metric and Hermitian vector potential.



17

7 Acknowledgements

This work was funded in part by the National Science Foundation under grant
PHY 06-52448.

A Some properties of the non-Abelian Ricci tensor

Substituting Γ̃ α
νµ =Γ α

νµ+Υ α
νµ into (19) gives

Rνµ(Γ̃ ) = Γ̃ α
νµ,α − Γ̃ α

α(ν,µ) + 1
2

Γ̃ σ
νµΓ̃ α

σα + 1
2

Γ̃ α
σαΓ̃ σ

νµ − Γ̃ σ
ναΓ̃ α

σµ (99)

= (Γ α
νµ,α + Υ α

νµ,α)− (Γ α
α(ν,µ) + Υ α

α(ν,µ))− (Γ σ
να + Υ σ

να)(Γ α
σµ + Υ α

σµ)

+1
2
(Γ σ

νµ + Υ σ
νµ)(Γ α

σα + Υ α
σα) + 1

2
(Γ α

σα + Υ α
σα)(Γ σ

νµ + Υ σ
νµ) (100)

= Rνµ(Γ ) + Υ α
νµ,α − Υ α

α(ν,µ) − Γ σ
ναΥ α

σµ − Υ σ
ναΓ α

σµ − Υ σ
ναΥ α

σµ

+1
2
(Γ σ

νµΥ α
σα + Υ σ

νµΓ α
σα + Υ σ

νµΥ α
σα + Γ α

σαΥ σ
νµ + Υ α

σαΓ σ
νµ + Υ α

σαΥ σ
νµ) (101)

= Rνµ(Γ ) + Υ α
νµ;α − Υ α

α(ν;µ) − Υ σ
ναΥ α

σµ + 1
2

Υ σ
νµΥ α

σα + 1
2

Υ α
σαΥ σ

νµ. (102)

Substituting the SU(d) gauge transformation Γ̂ α
νµ → ‘Γ̂ α

νµ = UΓ̂ α
νµU−1 + 2δα

[ν
U,µ]U

−1

from (27) intoRνµ proves the result (39), and the result (40) for a U(1) gauge transformation

Γ̂ α
ρτ → Γ̂ α

ρτ− 2iIδα
[ρ

ϕ,τ ] follows for the special case U = Ie−iϕ.

Rνµ(‘Γ̂ ) = ‘Γ̂ α
νµ,α− ‘Γ̂ α

(α(ν),µ)+
1
2
‘Γ̂ σ

νµ‘Γ̂ α
(σα)+

1
2
‘Γ̂ α

(σα)‘Γ̂
σ
νµ− ‘Γ̂ σ

να‘Γ̂ α
σµ−

‘Γ̂ τ
[τν]

‘Γ̂ ρ
[ρµ]

(n−1)
(103)

=
(
UΓ̂ α

νµU−1 + δα
ν U,µU−1 − δα

µU,νU−1
)
,α

− 1
2
(UΓ̂ α

(αν)U
−1),µ − 1

2
(UΓ̂ α

(αµ)U
−1),ν

+ 1
2

(
UΓ̂ σ

νµU−1 + δσ
ν U,µU−1 − δσ

µU,νU−1
)
UΓ̂ α

(σα)U
−1

+ 1
2

UΓ̂ α
(σα)U

−1
(
UΓ̂ σ

νµU−1 + δσ
ν U,µU−1 − δσ

µU,νU−1
)

−
(
UΓ̂ σ

ναU−1+ δσ
ν U,αU−1− δσ

αU,νU−1
)(

UΓ̂ α
σµU−1+ δα

σ U,µU−1− δα
µU,σU−1

)

− 1
(n−1)

(
UΓ̂ τ

[τν]U
−1+ (n−1) U,νU−1

)(
UΓ̂ ρ

[ρµ]
U−1+ (n−1) U,µU−1

)
(104)

= U

(
Γ̂ α

νµ,α − Γ̂ α
(α(ν),µ) + 1

2
Γ̂ σ

νµΓ̂ α
(σα) + 1

2
Γ̂ α
(σα)Γ̂

σ
νµ − Γ̂ σ

ναΓ̂ α
σµ −

Γ̂ τ
[τν]

Γ̂ ρ
[ρµ]

(n−1)

)
U−1

+ U,αΓ̂ α
νµU−1 + UΓ̂ α

νµU−1
,α + U,µU−1

,ν − U,νU−1
,µ

− 1
2

U,µΓ̂ α
(αν)U

−1 − 1
2

UΓ̂ α
(αν)U

−1
,µ − 1

2
U,ν Γ̂ α

(αµ)U
−1 − 1

2
UΓ̂ α

(αµ)U
−1
,ν

+ 1
2

U,µΓ̂ α
(να)U

−1 − 1
2

U,ν Γ̂ α
(µα)U

−1

− 1
2

UΓ̂ α
(να)U

−1
,µ + 1

2
UΓ̂ α

(µα)U
−1
,ν

+ UΓ̂ σ
νσU−1

,µ − UΓ̂ σ
νµU−1

,σ − U,αΓ̂ α
νµU−1+ U,ν Γ̂ α

αµU−1+ (2−n)U,νU−1
,µ − U,µU−1

,ν

+ UΓ̂ τ
[τν]U

−1
,µ − U,ν Γ̂ ρ

[ρµ]
U−1 + (n−1)U,νU−1

,µ (105)

= URνµ(Γ̂ )U−1. (106)
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Substituting Γ̂ α
νµ = Γ̃ α

νµ + (δα
µAν− δα

νAµ) i
√

16πdΛb from (14) into Rνµ and using

Γ̃ α
να = Γ̂ α

(να)
= Γ̃ α

αν from (16) with the notation [A, B]=AB−BA gives (17),

Rνµ(Γ̂ ) = Γ̂ α
νµ,α − Γ̂ α

(α(ν),µ) + 1
2

Γ̂ σ
νµΓ̂ α

(σα) + 1
2

Γ̂ α
(σα)Γ̂

σ
νµ − Γ̂ σ

ναΓ̂ α
σµ −

Γ̂ τ
[τν]

Γ̂ ρ
[ρµ]

(n−1)
(107)

=

(
Γ̃ α

νµ + (δα
µAν− δα

νAµ) i
√

16πdΛb

)
,α − Γ̃ α

(α(ν),µ)

+1
2

(
Γ̃ σ

νµ + (δσ
µAν− δσ

νAµ) i
√

16πdΛb

)
Γ̃ α
(σα)

+1
2

Γ̃ α
(σα)

(
Γ̃ σ

νµ + (δσ
µAν− δσ

νAµ) i
√

16πdΛb

)

−
(

Γ̃ σ
να + (δσ

αAν− δσ
νAα) i

√
16πdΛb

)(
Γ̃ α

σµ + (δα
µAσ− δα

σAµ) i
√

16πdΛb

)

+16πdΛb(n−1)AνAµ (108)

= Γ̃ α
νµ,α − Γ̃ α

α(ν,µ) + 1
2

Γ̃ σ
νµΓ̃ α

σα + 1
2

Γ̃ α
σαΓ̃ σ

νµ − Γ̃ σ
ναΓ̃ α

σµ

+2A[ν,µ] i
√

16πdΛb

+1
2
(δσ

µAν− δσ
νAµ)Γ̃ α

σαi
√

16πdΛb

+1
2

Γ̃ α
σα(δσ

µAν− δσ
νAµ) i

√
16πdΛb

−Γ̃ σ
να(δα

µAσ− δα
σAµ) i

√
16πdΛb

−(δσ
αAν− δσ

νAα)Γ̃ α
σµi

√
16πdΛb

+16πdΛb(n−1)AνAµ + 16πdΛb((2−n)AνAµ −AµAν) (109)

= Rνµ(Γ̃ ) + 2A[ν,µ] i
√

16πdΛb + 16πdΛb[Aν ,Aµ]

+([Aα, Γ̃ α
νµ]− [A(ν , Γ̃ α

µ)α]) i
√

16πdΛb . (110)

B Approximate solution for Nνµ in terms of gνµ and fνµ

Here we invert the definitions (8,11) of gνµ and fνµ to obtain (51,52), the approximation of
Nνµ in terms of gνµ and fνµ. First let us define the notation

f̂νµ =fνµi
√

16πd Λ
−1/2
b

. (111)

We assume that |f̂ν
µ|¿ 1 for all components of the unitless field f̂ν

µ, and find a solution

in the form of a power series expansion in f̂ν
µ.

For the following calculations we will treat the fields as nd × nd matrices but we will
only show the tensor indices explicitly. Lowering an index on the right side of the equation
(N̄/ḡ)Naνµ =gµν +f̂µν from (12) we get

(N̄/ḡ)Naµ
α = δµ

αI − f̂µ
α. (112)

Using f̂α
α =0, the well known formula det(eM ) = exp (tr(M)), and the power series ln(1−

x) = −x− x2/2− x3/3 . . . we get[27],

ln(det(I−f̂)) = tr(ln(I−f̂)) = −1

2
tr(f̂ρ

σ f̂σ
ρ) + (f̂3) . . . (113)
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Here the notation (f̂3) refers to terms like tr(f̂τ
αf̂α

σ f̂σ
τ ). Taking ln(det()) on both sides

of (112) using the result (113), the definitions (9), and the identities det(sM )= snddet(M )
and det(M−1)= 1/det(M ) gives

ln(det[(N̄/ḡ)Naµ
α]) = ln((N/g)n/2−1) = −1

2
tr(f̂ρ

σ f̂σ
ρ) + (f̂3) . . . , (114)

ln[(N̄/ḡ)] = − 1

2d(n−2)
tr(f̂ρ

σ f̂σ
ρ) + (f̂3) . . . . (115)

Taking ex on both sides of this and using ex = 1 + x + x2/2 . . . gives

(N̄/ḡ) = 1− 1

2d(n−2)
tr(f̂ρ

σf̂
σ

ρ) + (f̂3) . . . . (116)

Using the power series (1−x)−1 =1 + x + x2 + x3 . . ., or multiplying by (112) on the right
we can calculate the inverse of (112) to get[27]

(ḡ/N̄)Nν
µ = δν

µI + f̂ν
µ + f̂ν

σ f̂σ
µ + (f̂3) . . . . (117)

Lowering this on the left gives,

Nνµ = (N̄/ḡ)(gνµ + f̂νµ + f̂νσ f̂σ
µ + (f̂3) . . .). (118)

Here (f̂3) refers to terms like f̂ναf̂α
σ f̂σ

µ. Using (44,118,116,111) we get the result (51,52).
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